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Preface 


My  basic  interest  and  job-related  experience  in  the 
analysis  of  composite  structures  compelled  me  to  explore  this 
wide  area  for  a  research  topic.  I  also  possessed  a  working 
understanding  of  the  theory  of  isotropic  uniaxial  plate 
buckling  theory,  so  I  merged  these  two  concepts  into  a 
challenging  task. 

The  main  individual  who  provided  considerable  guidance 
and  patience  throughout  this  project  is  my  thesis  advisor. 
Dr.  E.  J.  Brunelle.  Without  his  help  and  indeed  his  initial 
idea  and  groundwork,  this  report  would  never  have  reached  a 
satisfactory  conclusion. 
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and  m  increases  as  a0/be  increases. 

Again/  transition  points  represent  quantities  of  special 
interest.  First  consideration  is  given  to  the  determination 
of  the  point  where  the  KXo  versus  a0/b0  curve  for  (m=l,(n+l)) 
intersects  the  K%0  versus  a0/b0  curve  for  (m=lfn).  Both 
curves  utilize  a  fixed  value  of  Ky<j .  Equating  the  right-hand 
side  of  equation  (20)  for  (m=l,(n+l))  to  an  equivalent 
right-hand  side  of  equation  (20)  for  (ra=l,n)  determines  the 
value  of  a0/bo  at  the  transition  point. 


-K,o  (n+1)2  +  1.0/(a„/bo )2,2 

+  (n+1)4 

(ao/bo)tr2  = 

-K,o  (  n  )2  +  1.0/(ao/bo)22 

+  (  n  )4 

(a./‘>0)22 

(27) 

(ao/b.)„2  -  IK,„  [  (n+1)2  - 

n2  ]  /  [  (n+1)4  -  n4  ] 

-  {K,„  /[  (n+1)2  + 

2  ,  ,1/2 
n2  ]} 

(28) 

where 


(a0/b0)tf2  =  value  of  characteristic  plate  aspect  ratio 

at  transition  from  (m=lf(n+l))  to  (m=l/n) 
Equation  (28)  gives  the  value  of  a0/b0  for  any  fixed 
Ky0  greater  than  zero  for  the  intersection  of  the  K„o  versus 
a0/b0  curve  for  (m=l,(n+l))  with  the  KXo  versus  a0/b0  curve 
for  (m=l,n).  Furthermore/  substitution  of  the  quantity 
(a0  /b„  )  into  equation  (20)  returns  K.  for  the 

”2  o 

transitional  value  of  a0/b0. 


i 


signify 


Of  course  since  (a0/b0  )tr  and  K„o 

1  tri 

coordinates  .  of  a  mutual  point  of  the  m  and  (m+1)  curves, 
either  equation  presented  in  equation  (26)  yields  the  correct 
answer. 

Table  I  gives  selected  a0/b0,  Kyo  ,  and  KXq  ordered 
triplets  based  upon  equations  (21),  (25),  and  (26).  The 

values  of  m  and  n  (=1)  are  clearly  marked  for  each  point,  and 
each  entry  which  corresponds  to  a  transition  point  is 
superscripted  with  a  star  (*}.  Note  that  Kyo  is  less  than  or 
equal  to  zero  for  all  points  because  compressive  Kyo  will  be 
considered  separately  in  the  next  section. 

Two  key  observations  can  be  made  after  review  of  the 
data  in  Table  I.  First,  the  transition  values  of  a0  /b0 
increase  as  Ky<)  becomes  less  tensile.  This  trend  is  most 
pronounced  for  the  initial  transition  points,  and  its  effect 
diminishes  as  a0/b0  becomes  large.  Second,  regardless  of  the 
tensile  magnitude  of  Kyo  ,  KXq  attains  a  limiting  value  of  2.0 
as  a0/bQ  approaches  infinity.  Therefore,  KXq  ,  for  a  tensile 
Kyo ,  is  effectively  independent  of  KVo  for  large  a0/b0. 

Compression  Applied  in  y0 -Direct ion 

For  Ky<>  greater  than  zero,  a  value  of  n=l  no  longer 
uniformly  satisfies  equation  (20)  for  minimum  KXq .  Small 
a0/b0  quantities  in  fact  dictate  that  m  achieve  a  value  of 
unity  and  n  increase  as  a0/b0  decreases.  As  a0/b0  becomes 
relatively  large,  however,  the  pattern  demonstrated  in  the 
section  for  Kyo  less  than  or  equal  to  zero  reappears  —  n=l 


[(a0/b0)tf^  ]4  {(m+1)2  -m2  }/[m(m+l)]2 

"l  (a0/b0  )t(<i  ]2  Ky<)  {(m+1)2  -m2  }/(m(m+l)]2 

-l  (m+1)2  -  m2]  =  0  (23) 

where 

(a0/b  )  ■  value  of  characteristic  plate  aspect  ratio 

,ri 

at  transition  from  m  to  (m+1) 

Application  of  the  quadratic  equation  fixes 
(Uo/bo)tri  )  Only  one  root  is  applicable  since  the  second 
yields  a  negative  aspect  ratio. 
l(Vb.)|r  >*  58  0-5  {m (m+1)  }2  [  Ky0  / (m (m+1)  )2 

+  { (K2o/(ra(m+l))4  +  4.0/(m(m+l))2  }1/2  ]  (24) 

<»o/b0>*ri  -  (0.5)1/2  {  Kyo  +  [Kyo 

+  4  (m  (m+1)  )2  ]1/2  }1/2  (25) 

Equation  (25)  gives  the  value  of  a0/b0,  for  any  fixed  KVo 
less  than  or  equal  to  zero,  for  the  intersection  of  the  K_ 

O 

versus  a0/b0  curve  for  m  with  the  KXq  versus  a0/b0  curve  for 
(m+1).  Furthermore,  substitution  of  (a0/b0)tri  into  equation 
(21)  returns  Kx<)  for  the  transitional  value  of  a0/b0. 

K*o  =  -Ky  /(m+1)2  +  [  (m+1)  / (a0/b0  )t  ]2 

ui  1 

+  Ua0/b0)tri  /(m+1)]2 

-or-  (26) 

K*otr  "  "Ky0  S™2  +  ln>/(a0/b0)tri  ]2 

+  t  (a0/b0 )t  /ro]2 

where 

KXo  *  x„-buckling  coefficient  at  transition 

lri 

from  m  to  m+1 
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buckling 


Consider  two  cases  of  equation  (20)  —  the  first  for  Kyo 
less  than  or  equal  to  zero  and  the  second  for  positive  KVo  . 
In  other  words,  the  first  case  reflects  buckling  behavior  in 
the  presence  of  tension  or  no  loading  in  the  y0  -direction, 
and  the  second  case  illustrates  such  characteristics  for 
compression  in  the  transverse  direction. 

Tension  at  £eta  Loading  Applied  in  Ihe  Yp -Pltection 

For  Kyo  less  than  or  equal  to  zero,  it  is  obvious  that 
the  minimum  K„o  in  all  situations  corresponds  to  the  lowest 
value  of  n  (n*l).  Thus,  equation  (20)  becomes: 

K*0  *  -Ky0  /h*2  +  (mbo/a0)2  +  (a0/mb0)2  (21) 

For  small  values  of  the  characteristic  ratio  a0/b0,  m=l 
produces  the  smallest  KXq  ,  yet  as  a0/b0  increases,  m  greater 
than  one  yields  the  minimum  KXo  .  Remember  that  m  is 
constrained  to  be  an  integer  quantity.  Of  special  interest, 
therefore,  is  the  location  of  those  transition  points  where 
the  Kx<>  versus  aG/b0  curve  for  m  intersects  the  RXo  versus 
a0/bo  curve  for  (m+1).  Both  curves  utilize  a  fixed  value  of 
Ky<)  .  Equating  the  right-hand  side  of  equation  (21)  for  m  to 
an  equivalent  right-hand  side  of  equation  (21)  for  (m+1) 
determines  the  value  of  a0/b0  at  the  transition  point. 

-Kyo/(m+l)2  +  [(ro+l)/(a0/b0)tri  ]2 

+  [(a0/b0)tfi  /(m+1)]2 

-Kyo /m2  +  l  m/(a0/b0)tri  ]2 

+  t(a0/b0),  /m  ]2 


(22) 


w»x0x0 


W'*0*0x0x0 


''Wo 


'*0*0*0  yo 


•F(mn/a0)2  sin  (mnx0/ao) 
sin  (n  n  y0  /b0  ) 
F(mn/a0)4  sin  (mnx0/a0) 
sin  (n  n  y0  /bc  ) 

-P(nn/b0)2  sin  (nnx0/a0) 
sin  (nny0/b0) 
F(nn/b0)4  sin  (mn  x0/a0) 
sin  (nny0/b0) 


(17) 


Upon  substitution  of  the  relations  in  equation  (17)  into 
equation  (14),  the  buckling  equation  produces  the  following 
sequence : 

F  sin  (mn  x0/ao)  sin(nny0/b0)  {(mn/a0)4 
+  (nn/b0)4  -  Kx<>  [  (mn2  )/(a0b0)]2 

-  Ky<>  [  (nn2  J/faobo)!2}  0  (18) 

(m/a0  )4  +  (n/b0)4  -  KX(J  [m/(a0b0 )  ]2 

-  KVo  [n/(a0b0)]2  =0  (19) 

KXo  =  ~Ky0  (n/ro)2  +  (rob0/a0)2 

+  [  (a0n2)/(mb0)]2  (20) 

As  shown  in  equation  (20),  an  exact  solution  for  KXo 
exists  for  any  choice  of  Kyo  .  Of  course,  the  minimum  value 
of  Kx  returned  from  trials  with  various  values  of  m  and  n  is 
of  the  greatest  significance.  This  minimum  KXo  represents 
the  smallest  level  of  the  coefficient  necessary  to  initiate 
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II.  Flat  Rectangular  Composite  Laminate  fi imply  Supp.ox.ted  OR 

All  Earn.  Sides 

The  boundary  conditions  for  a  laminate  simply  supported 
on  all  sides  specify  that  the  vertical  displacement  along 
each  edge  and  the  normal  component  of  moment  to  each  edge 
must  vanish  in  the  affine  space.  In  equation  form,  the 
following  must  hold: 


on 

edge  x0  = 

0  , 

w 

S  0 

J 

W'*o*o 

s  o 

on 

edge  x0  = 

ao  • 

w 

»  0 

; 

W'*o*o 

«  0 

on 

edge  yQ  » 

0  , 

w 

*  0 

w»»0»o 

»  0  (15) 

on 

edge  y0  » 

b0  • 

w 

»  0 

; 

w'y<>yo 

»  0 

sine 

series 

shown 

below, 

which 

models  the 

displacement  w,  satisfies  each  stipulation  of  equation  (15) 
and  will  be  applied  to  the  general  equation  (14). 

w  »  F  sin  (m  n  x0/a0 )  sin  (nnyo/b0)  (16) 

where 

F«  arbitrary  coefficient 

m>  integer  which  can  take  on  any  of  the  values  1,2,3,  .. 
n»  integer  which  can  take  on  any  of  the  values  1,2,3,  .. 
Correct  partial  differentiation  of  equation  (16)  yields 


the  following: 


the  range  zero  to  one  (1).  Furthermore,  the  character  of 
the  solution  is  rather  invariant  of  this  ratio  over  the  range 
zero  to  one.  In  particular,  a  zero  value  of  the  starred 
bending  stiffness  ratio  constitutes  a  close  approximation  to 
plate  buckling  behavior  (1).  This  null  value  will  be 
employed  throughout  the  report. 

Application  of  all  notational  simplifications  gives  the 
final  form  of  the  biaxial  buckling  equation: 

w'*o*o*o*o  +  W'*o*o*oVo  +  K*o  (H/bo)2  W'*oK0 

+  Ky  (n/a0)2  W^0»o  *  0 


(14) 


straightforward  manner 


r« 


w/x  »(1/A)W 


tXe 


W,y  -(l/B)W,y0  (8) 

W»l“ 

Combining  equations  (5),  (6),  and  (8)  yields  the  buckling 
equation  expressed  in  the  desired  doubly  affine  space: 


(Du  /A  )w'*oxo*oxo 
+  2  (D12  +  2D66)/(AB)  w,*0x0y0y0 


+  (°22 /B  )wfy0y<>Vo*o 


—  (Nx/A  )Wfxftx, 


o*o 


-  (Ny  /B2  )W,y0y0  «  0  (9) 

For  maximum  simplicity  equation  (9)  dictates  the  choice 
of  the  arbitrary  constants,  A  and  B.  For  coefficients  of 


unity  for  the  first  and  third  terms  A 


1/4 

°11 


and 


B 


1/4 

°22 


The  buckling  equation  then  becomes: 

.1/2 


'*o*oxo *0 
+  w»y0y0v0»o 


+  2(D12  +  2D66)/(D11  D22  ) 

-  Nx/tD^  )1/2 

-  Ny/(D22) 


WfXox0y0yo 


W,x0xo 


(10) 


1/2 


''*0*0 


Further  notational  simplifications  are: 


-Nx/tD^  ) 


1/2 


D*  =*  2  (D12  +  2D66)/(D11  D22  )1/2 


<x0  (n/b0) 


-Ny/(D22) 


1/2 


Kyo  (n/a0  )‘ 


(ID 

(12) 

(13) 


where 


n  -  3.1415927 

K_  a  buckling  coefficient  in  x„ -direction 
*0 

Kyo  ■  buckling  coefficient  in  y0  -direction 
D#  *  starred  bending  stiffness  ratio 

This  starred  bending  stiffness  ratio  D*  must  lie  within 


.  A 

V-W 
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Differentiating  the  moment  quantities  given  by  equation 
(2)  and  substitution  into  equation  (1)  finally  yields  the 
buckling  equation  for  a  symmetric,  specially  orthotropic 
composite  laminate  expressed  in  Cartesian  coordinates: 

W #xxxx  +  2  (D12  +  2Dgg  )w,xxyy  +  ^22  W,yyyy 

” NXW,XX  “  NyW/yy  —  0  (5) 

The  coordinate  system  for  this  equation  is  now 
transformed  from  Cartesian  to  doubly  affine  space  (1).  The 
equations  relating  the  coordinates  are  straightforward: 

Ax0  *  x 

By0  -  y  (6) 

z0  ■  z 

where 

x0  —  longitudinal  plate  coordinate  in  affine  space 
y0«  transverse  plate  coordinate  in  affine  space 
z0a  z*  vertical  plate  coordinate  in  affine/real  space 
A  «  arbitrary  constant  coefficient 
B  *  arbitrary  constant  coefficient 

In  addition,  if  the  rectangular  plate  measures  a  units 
in  the  longitudinal  and  b  units  in  the  transverse  direction, 
the  following  must  hold: 

a0-a/A 

bo-b/B  (7) 

a0/b0  ■  (a/b)  (B/A) 

From  equations  (€)  differentiation  in  the  affine  space 
compares  to  differentiation  in  Cartesian  space  again  in  a 


!•  Derivation  of  Buckling  Equation  for  Specially  Ortl 
Laminated  Plates.  SynUBfi.tI.lC  Middle  SUiLla.Ce/ 

Expressed  in  fioudly  Afiine  &  pace  Cocrdinatefi 


The  general  buckling  equation  for  a  rectangular  plate 
under  biaxial  loading  is  given  by  (2:245)  : 


+  2  MXy  /Xy  +  ^y»yy  NXW/XX  NyWj 


where 


Ms  moment  per  unit  length 

N»  normal  force  per  unit  length  positive  in  tension 
w«  displacement  of  middle  surface  of  the  laminate 
The  moments  are  related  to  the  displacement  field  of  a 
symmetric  laminate  by  the  matrix  equation  (1:149-156): 


D11  D12  di« 

°12  °22  D28 

°18  D28  d«# 


— 2w  m 


where 


D(|  =  component  of  bending  stiffness  array 

u  ■  displacement  in  x-direction  of  plate 

v  *  displacement  in  y-direction  of  plate 

Now  consideration  is  narrowed  from  that  of  a  symmetric 
anisotropic  laminate  to  one  both  specially  orthotropic  and 
symmetric  about  the  middle  surface.  These  restrictions  cause 
the  following  terms  in  the  stiffness  array  to  vanish: 


.%V 
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Abstract 


^The  biaxial  plate  buckling  problem  for  specially 
orthotropic,  symmetric  laminates  is  transformed  from 
Cartesian  to  doubly  affine  space.  Setting  the  starred 
bending  stiffness  ratio  D  (which  ranges  from  zero  to  one)  to 
the  null  value  enables  ready  and  very  accurate  solution  of 
the  buckling  problem.  '  Seven  sets  of  boundary  restraint 
configurations  are  examined,  and  corresponding  buckling 
surfaces  are  presented.  The  character  of  these  results  vary 
widely  between  the  strongest  and  weakest  sets  of  support 
conditions.  In  order  to  prevent  buckling  for  the  weakest 
conditions,  considerable  tension  must  be  provided  on  parallel 
edges  for  just  small  amounts  of  compression  applied  on  the 
opposite  set  of  edges.  feoa. 
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K«„t(  -  -K,„  <n+l>2  +  l-0/(a„/bo)fl2 

+  (n+1)4  (a0/b„)frj 

-or-  (29) 

*».lf  *  -K<.  (  n  )2  +  1.0/(«o/bo)frj 

+  (  n  )4  (a0/b„)22 

where 

KXo  =  x0-buckling  coefficient  at  transition  from 

tr2 

(m=l,(n+l))  to  (m=l,n) 

Of  course,  since  (a0  /b0  )tr  and  Kx  signify 

2  t  r  j 

coordinates  of  a  mutual  point  of  the  (m=l,n+l)  and  (m=l,n) 
curves,  either  equation  presented  in  equation  (29)  yields  the 
correct  answer. 

Consideration  now  is  directed  solely  at  relatively  large 
aspect  ratios,  a0/b0.  The  prior  work  in  this  section  showed 
that  for  comparatively  small  a0/b0 ,  m=l  returns  the  minimum 
KXq  .  In  contrast,  setting  n  to  its  smallest  integer  value, 
one,  produces  the  smallest  KXo  as  aD  /b0  grows.  This 
progression  mirrors  the  logic  presented  for  the  case  KVo  less 
than  or  equal  to  zero.  As  a  result,  the  identical  equations 
(25)  and  (26)  which  defined  the  transitional  quantities 
(a0/b0)tr  and  KXq  for  Ky<)  in  tension  apply  for  the 

present  compression  conditions.  No  further  manipulation  is 
required. 

Table  II  gives  selected  a0/b0,  KVo  ,  and  KXq  ordered 
triplets  based  upon  equations  (20),  (25),  (26),  (28),  and 

(29) .  The  values  of  m  and  n  are  clearly  marked  for  each 


point,  and  each  entry  which  corresponds  to  a  transition  point 


is  superscripted  in  the  a0/b0  column  with  a  star  (*).  Note 
that  Ky^  is  greater  than  zero  for  all  points  since  Table  I 
presents  buckling  coefficient  data  for  laminates  under 
tension  and  zero  Kyo  loading. 

The  statistics  presented  in  Table  II  expose  three 
important  buckling  characteristics  of  laminates  compressed  in 
the  yD  -direction.  First,  the  transition  values  of  a0/b0 
increase  as  KVo  grows.  As  the  pattern  for  negative  KVo 
values  showed,  this  trend  is  most  pronounced  for  the  initial 
transition  points,  and  its  effect  diminishes  as  a0/b0  becomes 
large.  Second,  irrespective  of  the  compressive  magnitude  of 
Ky<}  ,  K„o  attains  a  limiting  value  of  2.0  as  a0/b0  approaches 
infinity.  Therefore,  KXq  is  effectively  independent  of  the 
magnitude  of  K,o  —  positive  or  negative  —  because  the  same 
asymptote  of  2.0  is  approached  by  tensile  Ky<)  .  Finally,  for 
Ky<)  algebraically  large,  the  KXo  value  drops  into  the  tensile 
range  for  certain  a0  /bG  values.  furthermore,  as  Ky<) 
increases,  a  tension  load  in  the  x0  -direction  produces 
buckling  for  larger  spans  of  the  a0/b0  dimension. 

Figure  1  represents  a  plot  of  K„o  versus  a0  /b0  for 
eleven  distinct  values  of  Kv  .  The  lowest  curve 
characterizes  Kyo “5.0  ;  whereas,  the  highest  depicts 

KVo  =-5.0.  The  nine  other  curves  differ  from  each  other  by 
increments  of  one.  This  graph  reinforces  the  concept  that  KXo 
for  a  constant  Kyo  is  determined  not  by  one  continuous  curve 
but  by  the  lowest  values  of  an  infinite  number  of 
intersecting  curves.  Also,  the  tensile  nature  of  KXq  for 
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large  KVo  is  illustrated  by  those  portions  of  the  curves 
which  fall  helow  KXo=0.  Another  key  visual  reinforcement  of 
data  which  this  graph  provides  is  the  merging  of  all  curves 
to  the  K„o=2.0  asymptote  as  a0/b0  becomes  very  large. 

Figure  2  plots  in  three  dimensions  the  same  information 
as  Figure  1.  Qualitatively,  this  sketch  expresses  the  nature 
of  the  buckling  surface  better  than  does  Figure  1;  however, 
the  quantitative  aspect  of  Figure  2  is  not  as  appealing. 
Computer-generated  plots  are  skewed  by  the  angle  at  which  the 
"artist”  draws  the  sketch.  Consequently,  extraction  of 
accurate  data  from  the  three-dimensional  plot  is  virtually 
impossible. 

Rearrangement  of  equation  (20)  produces  a  relation  which 
allows  visualization  of  selected  two-dimensional  slices 
through  Figure  2  (3:356-360). 

KXo  m2  +  KVo  n2  -  [m2  /(a0/b0)]2 

+  [n2  (a0/b0)]2  (30) 

Thus,  for  constant  a  0 /b0  ,  each  unique  set  of  (m,n) 
yields  a  straight-line  variation  between  Ky<}  and  KX{>  .  The 
locus  of  the  lowest  sections  of  each  line  comprises  the 
complete  two-dimensional  graph. 

Table  III  gives  selected  a0/b0,  KVo  ,  and  KXo  ordered 
triplets  based  upon  equation  (30) .  Small,  intermediate,  and 
relatively  large  values  of  a  0 /b0  —  0.8,  1.6,  and  2.6, 
respectively  —  constitute  the  three  a0/b0  quantities  of 
interest.  Also  included  is  the  corresponding  pair  (m,n)  for 
each  point.  Each  entry  which  constitutes  a  point  of 
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intersection  is  subscripted  in  the  KVo  column  with  a  star 

(*). 

Figures  3, 4, and  5  represent  plots  of  K„o  versus  KVo  for 
the  constant  a0/b0  values  of  0.8,  1.6,  and  2.6,  respectively. 
The  graphs  constitute  the  minimum  ordinates  of  intersecting 
straight  line  segments.  Note  especially  that  Rx<>  declines  as 
KVo  increases  and  that  the  rate  of  decline  of  KXo  for  an 
increase  in  Kyo  jumps  markedly  for  small  a0/b0. 


TABLE  I 

Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  on  All  Sides 
(for  Ky  tensile  or  zero) 


m 

n 

a«/bo 

K»o 

K*o 

1 

1 

0.6000 

-5.0 

8.1378 

1 

1 

0.7320 

-5.0 

7.4021 

1 

1 

0.8376* 

-5.0 

7.1270 

2 

1 

1.4834 

-5.0 

3.6180 

2 

1 

2.0000* 

-5.0 

3.2500 

3 

1 

2.4994 

-5.0 

2.6903 

3 

1 

3.1237* 

-5.0 

2.5621 

10 

1 

10.369  * 

-5.0 

2.0552 

11 

1 

10.819 

-5.0 

2.0424 

11 

1 

11.381  * 

-5.0 

2.0460 

1 

1 

0.6000 

-2.0 

5.1378 

1 

1 

0.8843 

-2.0 

4.0608 

1 

1 

1.1118* 

-2.0 

4.0451 

2 

1 

1.6917 

-2.0 

2.6806 

2 

1 

2.2545* 

-2.0 

2.5577 

3 

1 

2.7293 

-2.0 

2.2581 

3 

1 

3.3229* 

-2.0 

2.2642 

10 

1 

10.441  * 

-2.0 

2.0274 

11 

1 

10.887 

-2.0 

2.0170 

11 

1 

11.446  * 

-2.0 

2.0228 

1 

1 

0.6000 

0.0 

3.1378 

1 

1 

1.0523 

0.0 

2.0104 

1 

1 

1.4142* 

0.0 

2.5000 

2 

1 

1.9894 

0.0 

2.0001 

2 

1 

2.4495* 

0.0 

2.1667 

3 

1 

3.0132 

0.0 

2.0001 

3 

1 

3.4641* 

0.0 

2.0833 

10 

1 

10.488  * 

0.0 

2.0091 

11 

1 

11.044 

0.0 

2.0001 

11 

1 

11.489  * 

0.0 

2.0076 

TABLE  II 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  on  All  Sides 
(for  Ky  compressive) 


m 

n 

«o/b0 

Kx 

*o 

1 

3 

0.2774* 

1.0 

10.231 

1 

2 

0.3528 

1.0 

6.0241 

1 

2 

0.4472* 

1.0 

4.2000 

1 

1 

0.9598 

1.0 

1.0067 

1 

1 

1.6005* 

1.0 

1.9519 

2 

1 

2.0241 

1.0 

1.7506 

2 

1 

2.5536* 

1.0 

1.9936 

3 

1 

2.9907 

1.0 

1.8889 

3 

1 

3.5370* 

1.0 

1.9983 

10 

1 

10.512  * 

1.0 

2.0000 

11 

1 

10.956 

1.0 

1.9918 

11 

1 

11.511  * 

1.0 

2.0000 

1 

3 

0.4804* 

3.0 

-3.9744 

1 

2 

0.6111 

3.0 

-3.3466 

1 

2 

0.7746* 

3.0 

-0.7333 

1 

1 

1.4554 

3.0 

-0.4098 

1 

1 

2.0000* 

3.0 

1.2500 

2 

1 

2.3432 

3.0 

1.3511 

2 

1 

2.7721* 

3.0 

1.6917 

3 

1 

3.1787 

3.0 

1.6801 

3 

1 

3.6869* 

3.0 

1.8391 

10 

1 

10.560  * 

3.0 

1.9819 

11 

1 

11.002 

3.0 

1.9752 

11 

1 

11.555  * 

3.0 

1.9849 

1 

3 

0.6202* 

5.0 

-11.246 

1 

2 

0.8312 

5.0 

-7.4986 

1 

2 

1.0000* 

5.0 

-3.0000 

1 

1 

1.6168 

5.0 

-2.0034 

1 

1 

2.3878* 

5.0 

0.8770 

2 

1 

2.6599 

5.0 

1.0841 

2 

1 

3.0000* 

5.0 

1.4444 

3 

1 

3.3740 

5.0 

1.4999 

3 

1 

3.8416* 

5.0 

1.6940 

10 

1 

10.608  * 

5.0 

1.9639 

11 

1 

11.158 

5.0 

1.9595 

11 

1 

11.598  * 

5.0 

1.9699 

TABLE  III 


K*o 

Versus  K«.  for  Various  Plate  Aspect 

Ratios 

for 

a  Laminate  Simply 

Supported  on  All 

Sides 

m 

n 

«o/bo 

*y0 

K*p 

1 

1 

0.8000 

-5.0000 

7.2025 

1 

1 

0.8000 

-1.5000 

3.7025 

1 

1 

0.8000 

3.2000* 

-0.9975 

1 

2 

0.8000 

3.5000 

-2.1975 

1 

2 

0.8000 

5.0000 

-8.1975 

2 

1 

1.6000 

-5.0000 

3.4525 

2 

1 

1.6000 

-1.5000 

2.5775 

2 

1 

1.6000 

0.9975* 

1.9531 

1 

1 

1.6000 

3.5000 

-0.5494 

1 

1 

1.6000 

5.0000 

-2.0494 

3 

1 

2.6000 

-5.0000 

2.6380 

3 

1 

2.6000 

-1.5000 

2.2491 

3 

1 

2.6000 

1.4346* 

1.9231 

2 

1 

2.6000 

3.5000 

1.4067 

2 

1 

2.6000 

5.0000 

1.0317 
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X0-BUCKLIN6  COEFFICIENT  VERSUS  AFFINE  ASPECT  RATIO  FOR  AN  S-S'S-S  LAMINATE 
FOR  VARIOUS  CONSTANT  YO-8UCKLINS  COEFFICIENT  VALUES 


SURFACE  REPRESENTING  RELATION  BETHEEN  BUCKLING  COEFFICIENTS  AND  RFFINE  RSPECT  RATIO 

FOR  AN  S-S-S-S  LAMINATE 


R  THE 


XO -BUCKLING  COEFFICIENT  VERSUS  YO-BUCKLING  COEFFICIENT  RT  ft  CONSTftNT  RFF1NE  ASPECT 

RftTIO  OF  0.8  FOR  AN  S-S-S-S  LflMNftTE 


RATIO  OF  1.6  TOR  RN  S-5-S-S  LRMINATE 


rOR  THE  RANGE 


RATIO  OF  2.6  FOR  AN  S-S-S-S  LAMINATE 


III.  Flat  Rectangular  rompnfiit-P  Laminate  Clamped 

an  All  Sides 

The  boundary  conditions  for  a  laminate  clamped  on  all 
sides  specify  that  the  vertical  displacement  and  the  slope  of 
the  vertical  displacement  with  respect  to  the  normal  to  each 
edge  must  vanish  along  each  edge  in  the  affine  space.  In 
equation  form/  the  following  must  hold: 


on 

edge  x0=-a0 /2  , 

w  = 

0 

• 

9 

W  ,x 
*0 

=  0 

on 

edge  x0=  a0/2  , 

w  = 

0 

• 

9 

w»»0 

=  0 

*  -  -A 

on 

edge  y0=-b0/2  , 

w  = 

0 

• 

9 

w»y0 

=  0 

(31) 

on 

edge  y0=  b0/2  , 

w  = 

0 

• 

9 

w»y  o 

=  0 

Note  that  the  origin  of  coordinates  in  the  affine  space 
is  taken  to  be  at  the  center  of  the  laminate.  This  choice  of 
origin  location  allows  maximum  simplicity  in  manipulations 
with  the  doubly  symmetric  boundary  conditions. 

For  this  case  the  general  buckling  equation  (14)  is  most 
efficiently  solved  by  the  separation  of  variables  technique. 
Therefore,  the  displacement  w  is  defined  by  a  function  X, 
which  depends  only  upon  x0  ,  multiplied  by  a  different 
function  Y,  which  depends  only  upon  y0  . 

w  *  X (x0 )  Y(y0)  (32) 

Substitution  of  this  assumed  form  of  w  into  equation 
(14)  yields: 

x'V  (x0)  Y(y0)  +  X(x0)  Y,v  (y0)  +  KX{>  (n/b0 )a  x"  (x0)  Y  (y0 ) 

+  Kyo  (n/a0)2X(xo)  Y"(y0)  =  0  (33) 
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IV 

X  (x0).  =  the  fourth  standard  derivative  of  X  with 
respect  to  x0. 

X'*(x0)  =  the  second  standard  derivative  of  X  with 
respect  to  x0 . 

I V 

Y  (yQ)  ~  the  fourth  standard  derivative  of  Y  with 
respect  to  y0 . 

Y* 1  (y0)  =  the  second  standard  derivative  of  Y  with 
respect  to  y0 . 

Division  of  equation  (33)  by  the  quantity  X(xQ)  Y (yQ  ) 
gives: 

[X,v  (x0)/X(x0)  +  KXo  (n/b0)2  X"  (x0)/X(x0)] 

+  [Y,V  (yo)/Y(yo)  +  KVo  (n/aG)2  Y"(y0)/Y(yo)]  =  0  (34) 

The  terms  enclosed  in  the  first  set  of  square  brackets 
are  functions  solely  of  x0 ;  whereas,  the  components  bracketed 
by  the  second  set  depend  only  on  y0 .  For  these  two  groups  to 
sum  to  zero,  each  individual  group  can  be  equal  to  no  more 
than  a  constant.  This  concept  is  expressed  by  the  following 
two  equations: 

y'V  (y0)/Y(y0)  +  K,o  (n/a0)2  Y"  (y0)/Y(y0)  =  k4  (35) 

x'V  (x0)/X(xo)  +  KXo  (n/b0)2  X"  (x0)/X(x0)  =  -k4  (36) 

where 

k4  *  constant.  This  quantity  is  raised  to  the  fourth 
power  so  that  fractional  exponents  may  be  avoided 
in  the  work  to  follow. 

The  constant  k  is  now  expressed  in  terms  of  another 


constant,  f n  : 


FOR  THE  RRNGE 
KYO  -  -5.0  TO 


FOR  VRRIOUS  CONSTANT  YO-BUCKLlNG  COEFFICIENT  VALUES 


TABLE  V 


Kx  Versus  Ky0  for  Various  Plate  Aspect  Ratios 
0  for  a  Laminate  Clamped  on  All  Sides 


(the  first  column 

denotes 

the 

symmetic  or 

antisymmetric 

nature  of 

fn  r  and 

the  second  the 

symmetric  or 

antisymmetric 

nature  of 

Kx0-> 

fn 

X 

a0/b0 

KVo 

K*o 

s 

A 

1.2000 

-5.0 

8.3805 

s 

A 

1.2000 

-2.0 

7.6648 

s 

A 

1.2000 

0.0 

7.1740 

s 

S 

1.2000 

2.0 

6.1458 

s 

S 

1.2000 

5.0 

3.5231 

s 

S 

2.4000 

-5.0 

5.6513 

s 

S 

2.4000 

-2.0 

5.3535 

s 

S 

2.4000 

0.0 

5.1476 

s 

S 

2.4000 

2.0 

4.9361 

s 

S 

2.4000 

5.0 

4.6087 

-r- 

s 

S 

3.6000 

-5.0 

5.0193 

s 

S 

3.6000 

-2.0 

4.8941 

s 

S 

3.6000 

0.0 

4.8094 

s 

S 

3.6000 

2.0 

4.7238 

•-*  - 

s 

S 

3.6000 

5.0 

4.5933 

— * 

»  --4 

_  . 

-37- 

TABLE  IV 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Clamped  on  All  Sides 

(The  first  column  denotes  the  symmetric  or  antisymmetric 
nature  of  fn  ,  and  the  second  the  symmetric  or  antisymmetric 
nature  of  KXo  . ) 


fn 

X 

a0/b0 

KVo 

K*0 

s 

s 

0.6000 

-5.0 

16.780 

s 

s 

0.9268* 

-5.0 

11.641 

s 

A 

1.4000 

-5.0 

7.3587 

s 

A 

1.7260* 

-5.0 

6.7135 

s 

s 

2.0000 

-5.0 

6.0208 

s 

s 

2.4578* 

-5.0 

5.6283 

s 

A 

2.8000 

-5.0 

5.3151 

s 

A 

3.1622* 

-5.0 

5.2001 

s 

s 

3.6000 

-5.0 

5.0193 

s 

s 

3.8531* 

-5.0 

4.9844 

s 

s 

25.000 

-5.0 

4.5952 

s 

s 

0.6000 

-2.0 

14.273 

s 

s 

1.0511* 

-2.0 

9.0508 

s 

A 

1.4000 

-2.0 

6.6631 

s 

A 

1.8154* 

-2.0 

6.0686 

s 

S 

2.2000 

-2.0 

5.4487 

s 

S 

2.5257* 

-2.0 

5.3297 

s 

A 

2.8000 

-2.0 

5.1190 

s 

A 

3.2168* 

-2.0 

5.0253 

s 

S 

3.6000 

-2.0 

4.8941 

s 

S 

3.8986* 

-2.0 

4.8687 

s 

S 

25.000 

-2.0 

4.5925 

s 

S 

0.8000 

2.0 

6.8023 

s 

S 

1.2611* 

2.0 

6.2879 

s 

A 

1.6000 

2.0 

5.3003 

s 

A 

1.9444* 

2.0 

5.2899 

s 

S 

2.2000 

2.0 

5.0006 

s 

S 

2.6200* 

2.0 

4.9530 

s 

A 

3.0000 

2.0 

4.7983 

s 

A 

3.2913* 

2.0 

4.8002 

s 

S 

3.6000 

2.0 

4.723U 

s 

S 

3.9603* 

2.0 

4.7181 

s 

S 

25.000 

2.0 

4.5889 

s 

S 

1.2000 

5.0 

3.5231 

s 

S 

1.4410* 

5.0 

4.8158 

s 

A 

1.8000 

5.0 

4.5527 

s 

A 

2.0476* 

5.0 

4.7702 

s 

S 

2.4000 

5.0 

4.6087 

s 

S 

2.6933* 

5.0 

4.6871 

s 

A 

3.0000 

5.0 

4.6034 

s 

A 

3.3485’ 

5.0 

4.6376 

s 

S 

4.0074* 

5.0 

4.6079 

s 

S 

25.000 

5.0 

4.5863 

Figures  8,  9,  and  10  represent  two-dimensional  plots  at 

constant  a0  /b0  slices  of  1.2,  2.4,  and  3.6,  respectively. 

These  graphs,  very  similar  to  those  obtained  in  the  simply 

supported  on  all  sides  case,  are  composed  of  very  nearly 

straight  line  segments.  Note  especially  that  K*o  declines  as 

K„  increases  and  that  the  rate  of  decline  of  R.  for  an 
Yo  o 

increase  in  Ky<}  jumps  markedly  for  small  a0/b0. 


eleven  distinct  values  of  Kv  .  The  lowest  curve 
characterizes  KVq  =  5.0  ;  whereas,  the  highest  depicts 

Ky<)  =  -5.0  The  nine  other  curves  differ  from  each  other  by 
increments  of  one.  This  graph  reinforces  the  concept  that  K, 
for  a  constant  Ky<)  is  determined  not  by  one  continuous  curve 
but  by  the  lowest  values  of  an  infinite  number  of 
intersecting  curves.  In  addition,  the  merging  of  all  curves 
to  a  limiting  value  of  KXq  =  4.59  for  a0/b0  large  is 
readily  apparent. 

Figure  7  plots  in  three  dimensions  the  same  information 
as  Figure  6.  Qualitatively,  this  sketch  expresses  the  nature 
of  the  buckling  surface  better  than  does  Figure  6;  however, 
the  quantitative  aspect  of  Figure  7  is  not  as  appealing. 
Computer-generated  plots  are  skewed  by  the  angle  at  which  the 
"artist"  draws  the  sketch.  Consequently,  extraction  of 
accurate  data  from  the  three-dimensional  plot  is  virtually 
impossible. 

Table  V  gives  selected  coordinates  of  KVo  and  KXq  for 
three  distinct  values  of  a0/b0 — 1.2,  2.4,  and  3.6  Also 
included  are  the  states  of  symmetry  or  antisymmetry  for  K 
and  the  fn  which  produces  this  minimum  Kx„. 


(a0/b0 , Ky0  ,KX(J  )  based  upon  symmetric  Xs(x0). 

Comparison  is  now  made  between  the  triplets 
(ao/b0  ,Ky<)  ,KXq  )  based  upon  antisymmetric  and  symmetric  X(x0). 
The  final  answer,  or  coordinate  point,  is  simply  the  one  for 
which  the  KXo  is  lowest.  Therefore,  only  after  this  final 
trial  is  the  correct  KXo  fixed  for  any  a  G  /b0  and  Kyo 
combination. 

Table  IV  gives  selected  a0/b0,  Kyo  ,  and  KXo  ordered 
triplets.  Also  included  are  the  states  of  symmetry  or 
antisymmetry  for  Kx<j  and  the  fn  which  produces  this  minimum 
KXq  .  Furthermore,  each  entry  which  corresponds  to  a 
transition  point  from  symmetric  to  antisymmetric  buckling,  or 
vice  verse,  is  superscripted  in  the  a0/bo  column  with  a  star 
(*). 

The  statistics  presented  in  Table  IV  expose  three 
important  characterxstics  of  laminates  under  compression  or 
tension  in  the  yQ -direction.  First,  the  transition  values  of 
a0/b0  increase  as  KVo  becomes  algebraically  larger  (or  less 
tensile).  This  trend  is  most  pronounced  for  the  initial 
transition  points,  and  its  effect  diminishes  as  a0/b0  becomes 
large.  Second,  irrespective  of  the  magnitude  of  Ky<)  ,  kXq 

attains  a  limiting  value  of  4.59  as  a  0  /b0  approaches 
infinity.  Finally,  the  f„  which  produces  the  minimum  KXq  is 
in  all  cases  determined  by  the  lowest  value  of  the  symmetric 
Y  s  (Vo  )  separation  equation.  This  phenomenon  holds  for 
symmetric  and  antisymmetric  KXq  values. 

Figure  6  represents  a  plot  of  KXo 


versus  a 0 /b0  for 


of  f„  determined  through  the  antisymmetric  or  symmetric  Y (y0 ) 
equations.  The  f„  of  course  of  primary  interest  is  the  one 
which  returns  the  smallest  value  of  K%  .  Thus,  for  any  fixed 
set  of  a0/b0  and  Ky<)  ,  all  possible  values  of  fn  must  be 
considered  so  that  the  lowest  KXo  is  found  to  complete  the 
triplet  (a0/b0  ,Kyo  ,K„0  )  based  upon  antisymmetric  XA(x0). 

In  an  identical  manner,  equations  (68)  and  (69)  are 
employed  as  boundary  conditions  for  the  symmetric  portion  of 
X(x0),  X$(x0).  For  non-trivial  constants  Fn  and  Hn  ,  the 
following  determinental  equation  must  hold: 


cos  (uia0/2) 


cos  (<j»a0  /2) 


-a*  sin  (u»a0  /2) 


-•  sin  (<t>a0/2) 


Expansion  of  the  determinant  and  multiplication  by  the 
quantity  (-a0/2)  gives: 

(<t>a0/2)  sin (®a0/2)  cos(u»a0/2) 

-  (uia0/2)  sin(u»a0/2)  cos(q>a0/2)  *  0  (73) 

Solution  of  equation  (73)  for  the  infinite  number  of 
sets  of  values  of  «ua0/2  and  <*>a0/2  determines  another  infinite 


set  of  values  of  KXq  for  any  choice  of  f n  ,  a0/b0,  and  Kyo  . 
Again,  the  fn  may  be  any  member  from  those  groups  of  f 
returned  by  the  antisymmetric  or  symmetric  Y(y0)  equations. 
Primary  interest  of  course  centers  upon  the  value  of  fn  which 
yields  the  smallest  KXq  .  so  as  before,  for  any  fixed  set  of 
a0/b0  and  KVo  ,  all  possible  values  of  fn  must  be  considered 
so  that  the  minimum  Kx  is  found  to  complete  the  triplet 


X(-a0/2)  Y(y0)  =  0  ;  X'  (-a0/2)  Y(y0)  *  0 

^  (6?) 

X{  a0/2)  Y(y0)  »  0  ;  X' (  a0/2)  Y(y0)  =0 

The  two  lines  of  equation  (67)  each  express  identical 
information  when  the  X(x0)  function  is  broken  down  into  its 
components  XA(x0)  and  Xs(x0).  Thus,  only  the  bottom  line  of 
information  of  equation  (67)  will  be  manipulated.  For 
equation  (67)  to  hold  for  non-trivial  Y (y0  ) ,  the  following 
boundary  conditions  on  the  function  X(x0)  must  hold: 

X (a0/2)  =  0  (68) 

X*  (a0/2)  =  0  (69) 

Application  of  equations  (68)  and  (69)  first  is  made  to 
the  antisymmetric  portion  of  X(x0),  XA(x0).  For  non-trivial 
constants  En  and  G„  ,  the  following  determinental  equation 
must  hold: 


sin  («>a0  /2) 


sin  («i>a0/2) 


=  0  (70) 


|  id  cos(««a0/2)  m  cos(«j>a0/2)  j 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  a0/2  gives: 

(oa0/2)  sin (u>a0/2)  cos(*a0/2) 

-  (cua0/2)  sin(«»>a0/2)  cos(wa0/2)  =  0  (71)  » 

Solution  of  equation  (71)  for  the  infinite  number  of 
sets  of  values  of  wa0/2  and  <j>a0 /2  equivalently  yields  an 
infinite  set  of  values  of  K„o  for  any  choice  of  fn  ,  a0/b0  , 
and  Ky<J  .  Note  that  the  fn  may  be  any  member  from  the  groups 
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In  a  similar  fashion,  choice  of  the  minus  sign  just 
before  the  first  square  bracket  in  equation  (60)  yields  the 


final  two  values  of  g.  For  this  choice  of  the  negative  sign, 
the  entire  quantity  in  the  curly  brackets  is  again 
constrained  to  be  greater  than  zero.  So  the  final  two  values 
of  g  are: 

g34  «  +  i(n/b0)  {  KXo/2  -  [(KXo/2)2  -  16  fj  ]1/2  }1/2  (62) 

By  the  theory  of  linear  homogeneous  equations,  the 
function  X(x0)  can  be  easily  determined. 

X(x0)  *  N„efllX°  +  Pne°2X°  +  Q„e93X°  +  R„efl«x°  (63) 

where 


Nn ,  P„ ,  Qn,  R„  *  arbitrary  constants 
Equivalently,  equation  (63)  can  be  expressed  as: 

X(x0)  «=  E„sin (mx0 )  +  Fn cos  (<ux0 )  +  G„sin  (ox0 ) 

+  H„cos(4>x0)  (64) 


where 

u»x:  (n/b0)  {  KXo/2  +  [(KXq/2)2  -  16  fj  ]1/2  }1/2 

<0  -  (n/b0)  {  KXo/2  -  ((KXo/2)2  -  16  fj  ]1/2  }1/2 

E„ ,  F„,  Gn,  Hn  »  another  set  of  arbitrary  constants 
The  function  X(x0)  likewise  can  be  further  simplified  by 
reduction  into  its  antisymmetric  and  symmetric  parts. 

XA(x0)  -  E„sin(u>x0)  +  Gn sin  (<t>x0 )  (65) 

Xs (x0 )  *  F„cos(u»x0)  +  Hncos(«>x0)  (66) 

Consider  the  boundary  conditions,  equations  (31),  for 
this  case  of  a  laminate  clamped  on  all  sides.  The  initial 
two,  expressed  in  the  separation  functions,  become: 


equation  (37)  into  equation  (36)  and  slight  rearrangement 
yields: 

X,v  (x0)  +  K„o  (n/b0)2X«*  (x0)  +  16  fJ(n/b0)4X(x0)  -  0  (56) 

Similar  to  equation  (38),  equation  (55)  is  a  linear, 
homogeneous  differential  equation  with  constant  coefficients. 
Assume  the  following  form  of  X(x0): 

X(x0)  =  e9X°  (57) 

where 

g  =  constant 

Substitution  of  equation  (57)  into  equation  (56)  gives: 

{  g4  +  Kx  (n/b0)2  g2  +  16  f4(n/b0)4  }  e9x°  =  0  (58) 

O 

For  equation  (58)  to  hold,  the  terms  inside  the  brackets 
must  sum  to  zero.  This  fact  allows  determination  of  the  four 
values  of  g  which  satisfy  equation  (58).  First,  g2  can  be 
determined  by  the  quadratic  equation. 

g2  -  0.5  {  -KXq  (n/b0)2  +  t  <  (n/b0)4 

-  64  f4  (n/b0  )4  J12  }  (59) 

92  =  (n/b0)2  i2  {  KXq/2 

+  (  (KXo/2)2  -16  fj  ]1/2  }  (60) 

The  first  two  values  of  g  can  be  determined  by  choice  of 
the  positive,  as  opposed  to  the  negative,  sign  just  before 
the  first  square  bracket  in  equation  (60).  For  this  choice 
of  the  positive  sign,  the  entire  quantity  in  the  curly 
brackets  is  constrained  to  be  greater  than  zero.  Therefore, 
the  initial  two  of  the  four  desired  values  of  g  are: 
g,  2  -  +  i (n/b0)  {  KX{>/2  +  [(KXo/2)2  -  16  fj  ]1/2  }1/2  (61) 
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Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0/2  gives: 

(Pb0/2)  sin (nb0/2)  cosh(pb0/2) 

-  (nb0/2)  cos  (nb0/2)  sinh(pb0/2)  -  0  (53) 

Solution  of  equation  (53)  for  the  infinite  number  of 
sets  of  values  nb0/2  and  pb0 /2  equivalently  yields  an 
infinite  set  of  constants  fn  n«l,2,...  for  any  choice  of  Ky 
and  a0/bo.  These  values  of  fn  will  be  utilized  in  the  X(x0) 
functional  equations. 

In  an  identical  manner ,  equations  (50)  and  (51)  are 
employed  as  boundary  conditions  for  the  symmetric  portion  of 
Y (y0  ) ,  Ys(y0).  For  non-trivial  constants  Bn  and  Dn  ,  the 
following  determinental  equation  must  hold: 


cos(nb0/2)  cosh(pb0/2) 


-  0  (54) 


I  - n  sin (nb0/2)  p  sinh(pb0/2)  | 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b„/2  gives: 

(pb0/2)  cos (nb0/2)  sinh(pb0/2) 

+  (nb0/2)  sin (nb0/2)  cosh(Pb0/2)  =  0  (55) 

Solution  of  equation  (55)  for  the  infinite  number  of 
values  nb0/2  and  pb0/2  determines  another  infinite  set  of 
constants  fn  n*l,2f...  for  any  choice  of  Ky<)  and  a0/b0  . 
The  importance  of  this  group  will  be  evident  shortly. 


Consider  now  equation  (36) ,  the  differential  equation 
which  will  render  the  X(x0  )  function.  Substitution  of 


An,  Bn ,  Cn,  D„  *  another  arbitrary  set  of  constants 
The  function  Y(y0  )  can  be  further  simplified  by 


reduction  into  its  antisymmetric  and  symmetric  parts. 

YA(y0)  *  Ansin(ny0)  +  Cnsinh(py0)  (47) 

y$(Yo)  ■  Bncos  (ny0 )  +  Dncosh  (py0  )  (48) 

Consider  the  boundary  conditions,  equations  (31),  for 
this  case  of  a  laminate  clamped  on  all  sides.  The  final 
two,  expressed  in  the  separation  functions,  become: 

X(xQ)  Y(-b0/2)  =  0  ,  X(x0)  Y‘(-b0/2)  *  0 

(49) 

X(X0)  Y  (  b0/2)  =  0  J  X (x0 )  Y ' (  b„/2)  =  0 
The  two  lines  of  equation  (49)  each  express  identical 
information  when  the  function  Y(y0)  is  broken  down  into  its 
components  YA(yQ)  and  Ys(y0).  Thus,  only  the  bottom  line  of 
information  of  equation  (49)  will  be  manipulated.  For 
equation  (49)  to  hold  for  non-trivial  X(xQ),  the  following 
boundary  conditions  on  the  function  Y(y0)  must  hold: 

Y (b0/2)  =  0  (50) 

Y' (b0/2)  =  0  (51) 

Application  of  equations  (50)  and  (51)  first  is  made  to 
the  antisymmetric  portion  of  Y(y0),  YA(y0).  For  non-trivial 


constants  An  and  Cn  ,  the  following  determinental  equation 


must  hold: 


sin  (nb0/2)  sinh(pb0/2) 


-  0  (52) 


n  cos (nb0/2) 


p  cosh  (pb0/2) 


the  first  square  bracket  in  equation  (42),  For  this  choice 
of  the  positive  sign,  the  entire  quantity  in  the  curly 

brackets  is  constrained  to  be  greater  than  zero.  Therefore, 
the  initial  two  of  four  desired  values  of  r  are: 
ri  2  =  +(n/a0)  i  {Kyo/2  +  l(Kyo/2)2 

+  16  fn  (a0/b0  )4  ]1/2  }1/2  (43) 

In  a  similar  fashion,  choice  of  the  minus  sign  just 

before  the  first  square  bracket  in  equation  (42)  yields  the 
final  two  values  of  r.  For  this  selection,  however,  the 

quantity  contained  in  the  curly  brackets  is  negative. 

Multiplication  of  the  factor  i2  outside  the  curly  brackets 
with  each  term  inside  those  braces  rectifies  the  situation 
and  allows  a  square  root  of  the  entire  equation  (42)  to  be 
taken.  This  procedure  yields  the  last  two  values  of  r: 
r34  -  +(n/a0)  {-KVo/2+  [(Kyo/2)2 

+  16  fj  (a0/bo)4]1/2  }1/2  (44) 

By  the  theory  of  linear  homogeneous  equations,  the 
function  Y(y0)  can  be  easily  determined. 


Y(y0)  «  Jneriyo  +  Kn er2y°  +  Lner3y<>  +  Mner' 


where 


J„ ,  Kn ,  L„,  Mn  =  arbitrary  constants 
Equivalently,  equation  (45)  can  be  expressed  as: 
Y(y0)  *  A„sin  (ny0 )  +  Bncos(ny0)  +  Cnsinh(py0) 


+  Dncosh  (py0 ) 


where 


n  =  (n/a0 )  {  Ky<>  /2  +  [(Ky<}/2)2  +  16  fj  (ac/b0  )4  ]U2  }U2 
p  «  (n/a0){-Kyo/2  +  [(Kyo/2)2  +  16  fj  (a0/bo  )4  ]1/2  }1/2 
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k  »  2  f n  (n/b0)  (37) 

Substitution  of  equation  (37)  into  equation  (35)  and 
slight  rearrangement  yields: 

*'V  <Yo)  +  Kyc  (n/a0)2y"  (y0  )  -  16  f  *  (n/b0 )4  Y (y0 )  =  0  (38) 

Equation  (38)  is  merely  a  linear,  homogeneous 
differential  equation  with  constant  coefficients.  The 
classic  solution  procedure  is  to  predict  that  Y(y0)  fits  the 
following: 

Y(y0)  =  ery°  (39) 

where 

e  =  natural  base  =  2.71828... 
r  «  constant 

Substitution  of  equation  (39)  into  equation  (38)  gives: 

{  r4  +  Kyo(n/ap)V  -  16  fj(n/b0)4  }  ery°  =  0  (40) 

For  equation  (40)  to  hold,  the  terms  in  the  brackets 
must  sum  to  zero.  This  fact  allows  determination  of  the  four 
values  of  r  which  satisfy  equation  (40)..  First,  r2  can  be 
determined  by  the  quadratic  equation. 

r2  =  0.5  {-Kyo  (n/a0)2  +  [kJo  (n/a0)4 

+  64  f  n  (n/b0  )4  ]1/2  }  (41) 

r2  =  (n/a0)2  i2  {Ky<)  /2  +  I  (Ky0/2)2 

+  16  fn4(a0/b0)4]1/2  )  (42) 

where 

i  *  (-D 

The  first  two  values  of  r  can  be  determined  by  choice  of 
the  positive,  as  opposed  to  the  negative,  sign  just  before 
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FIGURE  10 

X0-BUCKL1NG  COEFFICIENT  VERSUS  Y0-BUCKL3NG  COEFFICIENT  RT  R  CONSTANT  AFFINE  ASPECT 

RATIO  OF  3.6  FOR  A  C-C-C-C  L RUINATE 


IV.  Flat  Rectangular  Composite  Laminate  Simply  Supported 
in  the  x0-pirection  and  Clamped  in  bh&  y0 -Direct ion 


The  boundary  conditions  for  a  laminate  simply  supported 
in  the  x0 -direction  and  clamped  in  the  y0 -direction  are  not 
the  same  on  each  edge  as  in  the  previous  work.  For  the  two 
edges  which  have  normals  parallel  to  the  x0  -axis,  the 
vertical  displacement  along  each  edge  and  the  normal 
component  of  the  moment  to  each  edge  must  vanish  in  the 
affine  space.  On  the  other  hand,  for  the  two  edges  which 
have  normals  parallel  to  the  y0  -axis,  the  vertical 
displacement  and  the  slope  of  the  vertical  displacement  with 
respect  to  y0  must  vanish  along  each  edge.  In  equation  form, 
the  following  must  hold: 


on  edge  xo=-a0/2  , 

w 

=  0 

• 

t 

w'*o*o 

=  0 

on  edge  x0=  ac/2  , 

w 

«  0 

• 

# 

W  **o*0 

=  0 

on  edge  y0*-b0/2  , 

w 

-  0 

• 

/ 

w'y0 

=  0 

(74) 

on  edge  y0=  b0/2  , 

w 

=  0 

• 

# 

w'y0 

=  0 

Note  that  the  origin  of  coordinates  in  the  affine  space 
is  taken  to  be  the  center  of  the  laminate.  This  choice  of 
origin  location,  in  general,  allows  maximum  simplicity  in 
manipulations  with  the  doubly  symmetric  boundary  conditions. 
For  one  set  of  derivations,  however,  a  different  origin 
location  will  be  used  and  of  course  will  be  noted. 

The  general  buckling  equation  (14)  is  most  efficiently 
solved  for  this  case  by  the  separation  of  variables 
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technique.  Therefore,  the  displacement  w  is  defined  by  a 
function  X,.  which  depends  only  upon  x0  ,  multiplied  by  a 
different  function  Y,  which  depends  only  upon  y0 . 

w  *  X (x0 )  Y(y0)  (75) 

An  admissible  function  X(x0)  can  be  easily  determined 
for  a  laminate  simply  supported  along  both  edges 
perpendicular  to  the  x0  -direction.  The  following  function 
identically  satisfies  the  first  two  conditions  of  equations 
(74)  : 

X(x0)  *  sin (mnx0/aQ)  (76) 

Substitution  of  equation  (76)  into  equation  (75)  yields: 

w  *  Y(y0)  sin (mnx0 /aQ )  (77) 

Likewise,  substitution  of  this  assumed  form  of  w  into 
equation  (14)  gives: 

sin  (mnx0/a0 )  { (mn/a0  )4  Y  (yQ )  +YIV(y0) 

-  (mn/a0)2K„o  (n/b0)2Y(y0)  +  KYo  (n/a0)2  Y' '  (yD  ) }  =  0  (78) 

For  equation  (78)  to  hold  in  general,  the  terms  inside 
the  curly  brackets  must  sum  to  zero.  Therefore,  equation 
(78)  is  merely  a  linear  homogeneous  differential  equation 
with  constant  coefficients.  The  form  of  Y (y0 )  is  predicted 
to  be  that  of  equation  (39) .  Insertion  of  this  value  of 
Y(y0)  into  equation  (78)  yields: 

[(mn/a0)4  +  r4  -  (mn/a0)4  K„o  (a0/mb0)2 

+  (KVo/m2)  (mn/a0)2  r2  ]  ery°  =  0  (79) 

Just  as  above,  for  the  right-hand  side  of  equation  (79) 
to  vanish,  the  terms  in  the  square  brackets  must  cancel. 
This  fact  enables  determination  of  r2  by  use  of  the  quadratic 


equation. 

r2  =  0.5  {  - (Ky<)  /m2 )  (mn/a0)2  +  [  (KVo /m2)2  (mn/a0)4 

+  4  (mn/a0)4  (Kx  (a0/mb0)2  -  1)]1/2  }  (80) 

0 

r2  =  (ran/a0)2  {  -(Kyo/2m2)2 

+  l(Kyo/2m2)2  +  KXo(a0/mb0)2  -  1]1/2  }  (81) 

The  next  step  in  the  solution  process  depends 
exclusively  upon  the  algebraic  sign  of  the  quantity  in  the 
square  brackets  in  equation  (81).  Real  square  roots,  of 
course,  can  only  be  taken  of  non-negative  numbers.  As  a 
result,  a  separate  investigation  is  now  made  for  each  of  the 
three  possible  signs  of  this  governing  term — negative,  zero, 
and  positive.  In  addition,  consideration  of  the  cases  in 
just  this  sequence  is  vital,  for  the  desired  value  of  KX{>  for 
any  KVo  and  a0/bQ  combination  is  the  smallest  possible 
x0-buckling  coefficient.  So  for  m  constant,  a  KXq  root  found 
in  the  region  {  (Kyo  /2m2  )2  +  KXo  (ao/mb0)2  -  1  }  <  0 

supercedes  any  root  found  in  the  zero  or  positive  regions. 

{  (Kyo/2m2)2+  KXo(a0/rob0)2  -  1  }  <0 

For  the  quantity  {  (Ky<)/2m2)2+  KXq  (a0/mb0)2  -  1  }  <  0 

equation  (81)  becomes: 

r2  »  (mn/a0)2  {  -Ky<) /2m2 

+  i  [  1  -  K*0  (a0/mb0)2  -  (Kyo/2m2)2  ]1/2  }  (82) 

The  first  two  values  of  r  stem  from  choice  of  the 
positive  sign  before  the  imaginary  number  i  in  equation  (82) , 
while  the  final  two  can  be  obtained  through  selection  of  the 


negative  sign. 

rfi2  ■  (mn/a0)2  {  -Ky<} /2ra2 

+  i  l  1  -  KXo  (a0/mb0)2  -  (Kyo/2m2)2  ]1/2  }  (83) 

r24  =  (mn/a0 )2  {  -Kyo/2m2 

-ill-  KXq  (a0/mb0)2  -  (Kyo/2m2)2  ]1/2  }  (84) 

Consider  first  equation  (83).  It  is  desired  to  express 
the  right-hand  side  of  this  equation  in  polar  form. 

r2 2  =  M  elp  (85) 

where 

H  =  the  modulus  of  the  complex  number 

p  =  angle  which  is  the  amplitude  of  the  complex  number 

M  =  (mn/a0)2  {  (-Ky<)/2m2)2 

+  11-  K„o  (a0/mb0  )2  -  (Kyo/2m2)2]  }1/2  (86) 

M  =  (mn/a0)2  {  1  -  KXq  (a0/mb0 ) 2  }1/2  (87) 

P  ■  arctan  {  [  1  -  KXq  (a0/mb0)2 

-  (Kyo /2m2)2  ]V2  /  (-Kyo/2m2)  }  (88) 

Note  especially  that  the  modulus  M  is  independent  of 

Ryo- 

For  later  use,  note  the  following: 

-tan  (p)  *  tan(-p)  *  {  -  l  1  -  K„o  (a0/mb0)2 

-  (Kyo/2m2)2  ]1/2  /  (-Kyo/2m2)  }  (89) 

-p  -  arctan  l  -(  1  -  K*0  (a0/mb0)2 

-  (Kyo /2m2)2]1/2  /  (-Kyo/2m2)  }  (90) 
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Now  consider  equation  (84) 


.  From  equations  (86)  and 
(90)  it  is  easy  to  see  that  the  equation  specifying  the  third 
and  fourth  roots  of  r  can  be  written  in  polar  form  as: 

*3,4  =  M  e_‘P  (91) 

Since  the  quantity  p  is  merely  an  angle,  p  has  the  same 
value  as  (p  +  2n).  This  fact  allows  separation  of  roots  one 
and  two  and  roots  three  and  four. 

rj  ■  M  eip  (92) 

t\  =  M  ei,p  +  2ni  (93) 

r2  *  M  e-ip  (94) 

rj  =  M  e-ilp  +  2nl  (95) 

Now,  determination  of  the  actual  values  of  each  r  can  be 
carried  out. 

r1  =  m1  2  eip/2  =  M12  {  cos(p/2)  +  i  sin(p/2)  }  (96) 


-  »i1/2  P  +  2(11/2 

*2  s  n  e 
1/2 

=  M  {  cos  (p/2  +n)  +  i  sin  (p/2  +  n)  } 
1/2 

r,  *  M  {  -cos (p/2)  -  i  sin (p/2)  } 


r3  «  M12e  ip/2  *  M12  {  cos(-p/2)  +  i  sin(-p/2)  }  (99) 


r3  =  M  {  cos (p/2)  -  i  sin (p/2)  } 


(100) 


„  1/2  -ilp  +  2ni/2 

r4  *  m  e 

*  M1/2  {  cos(-p/2  -  n )  +  i  sin (-p/2  - n  )  }  (101) 

r4  **  M1/2{  -cos  (p/2)  +  i  sin(p/2)  }  (102) 

Note  especially  that  r1  and  r3  are  complex  conjugate 
pairs,  as  are  r2  and  r4  . 
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1  --.-1 


(103) 

(104) 


Define  the  following  variables: 

c  =  M12  cos(p/2) 
s  *  M12  sin (p/2) 

Since  the  four  roots  of  r  have  been  fixed,  the  function 
Y (y  )  now  reads: 

*(yo>  *  Jme1  y°  +  Kme2"0  +  Lm®3"0  +  M,/**0  (105) 

where 

Jm,  Km,  Lm,  Mm  *  arbitrary  constants 

Equivalently,  equation  (105),  when  combined  with 
equations  (103)  and  (104)  can  be  expressed  as: 

*(y0)  =  ecyo  {  Amsin  (sy0)  +  Bmcos(sy0)} 

+  e_cy°  {  Cmsin (sy0 )  +  Dmcos(sy0)}  (106) 

where 

Am,  Bm,  cm,  Dm  *  another  set  of  arbitrary 

constants 

Consider  now  the  boundary  conditions,  equations  (74) , 
for  this  case  of  a  laminate  simply  supported  in  the 
xQ-direction  and  clamped  in  the  y0 -direction.  As  indicated 
previously,  the  origin  location  is  subject  to  change,  and  the 
present  situation  dictates  such  a  movement  for  maximum  ease 
in  manipulations.  In  particular,  the  x0 -origin  remains  the 
same,  but  the  y0 -origin  drops  from  the  center  of  the  plate  to 
one  edge.  The  final  two  equations  of  (74)  then  become: 

Y (0)  sin(ronx0/a0)  =  0  ;  Y* (0)  sin(mnx0/a0)  =  0  (107) 

Y  (b0)sin (mnx0/a0)  *  0  ;  Y' (b0)sin(mnx0/a0)  =  0  (108) 

For  equations  (107)  and  (108)  to  have  meaning  in  the 
general  case,  the  following  conditions  must  hold: 


(109) 


Y  (0 >  »  0 
Y' (0)  *  0 
Y(b0)  =  0 

y (b0)  =  0 


(110) 

(111) 

(112) 


First,  apply  equation  (109)  to  equation  (106).  This 
stipulation  fixes  Dm  in  terms  of  Bm  such  that  Dm  =  -Bm 
Utilization  of  equation  (110)  on  the  Y (y0 )  equation  similarly 
determines  a  value  Cm  in  terms  of  Am  and  Bm  . 


sAm  + 

CBm  +  sCm  -  CDm 

=  0 

(113) 

But  since  Dm=  - 

®m 

C  m  = 

A  m  “  2B m 

(c/s) 

(114) 

For  these  values 

Of  cm 

and  Dm  r 

equation  (106) 

takes  on 

the 

following  form: 

Y(Yo 

)  =  Am  {  sin  (sy0  ) 

(ecy° 

-  e"cyo  )} 

+ 

{-2  (c/s)  e~cy°  sin  (sy 0)  + 

cos (syc ) 

(ecy°  -  e”cy°  )} 

(115) 

The  first  derivative  of 

Y(y0)  with  respect  to  y„ 

is  then 

easy 

to  obtain. 

y*  (y 

0)  *  Am{  sin  (syQ  ) 

(cecy° 

+  ce'cy° 

) 

+  cos (sy0 ) 

(secy° 

-  se'cy° 

)} 

+  Bm{  sin (sy0 ) 

(se'cy° 

-  secy° 

+  2 (c  2/s) e~cy°  ) 

+  cos (sy0 ) 

(cecy° 

-  ce~cy° 

)} 

(116) 

Substitution  of 

equations  (115) 

and  (116)  into  equations 

(Ill)  and  (112)  yield  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm  .  For  non-trivial  Am  and  Bm  ,  the 
following  determinental  equation  must  hold: 


sin  (sb0)  {  e  0  -  e~  0  ) 


I  sin (sb0) (- (2c/s)e 
+  cos (sb0 )  (ecb°  -  e 


sin(sb  )  (ce  0  +ce'cb»  ) 


sin(sb0)  (-secb°  +se  cb° 


I  +2  (c  /s)e"cbo) 

+  cos  (sbG)  (secb°  -se~cb°  )  |  +  cos  (sb0)  (cecb°  -ce~cb°)  (117) 


Expansion  of  the  determinant  gives: 


2  .  2 


-  2  +  e  0  -  4{c/s)  sin  (sb0)  =  0 


(118) 


Slight  rearrangement  and  multiplication  of  the  final 
term  on  the  left-hand  side  of  the  equation  by  (bQ/b0 )2 yields 
a  transcendental  equation  in  the  variables  a0/b0,  KVo ,  and 


e2cb°  +  e~2cb°  -  2{  1  +  2 (cbo/sb0)2  sin2 (sb0 )  }  =  0  (119) 

Unfortunately,  for  any  combination  of  a0/b0  and  Ky<}  ,  no 
value  of  KXq  satisfies  equation  (119) .  In  other  words,  no 
possible  solutions  exist  for  the  present  set  of  boundary 
conditions  for  { (Ky  /2m2)2  +  Kx  (a0/mbo)2-  1  }  <  0 


{(Kyo/2m2)2  +  KXq  (a0/mb0 )  -  1  }  =  0 

For  the  quantity  {  (Ky  /2ra2)2  +  Kx  (a0/mb0)2-  1}  =  0 


equation  (81)  becomes: 

r2  =  (mn/a0 )2  (-Ky  /2m2)  =  (n/a0)2  (-Ky/2) 


(120) 


Since  the  character  of  equation  (120)  differs 
drastically  for  the  choice  of  algebraic  sign  of  Kyo  ,  each 
possible  range  of  Ky<)  — negative,  zero,  and  positive— will  be 
analyzed  as  separate  subcases. 


i 


*y0  <  0- 

Two  values  of  r  which  satisfy  equation  (120)  for 


Ky<j  <  0  are  straightforward. 

r,  2  =  +  (n/a0 )  (-Kyo  /2)1/2  (121) 

For  simplicity,  make  the  following  definition: 

T  =  (n/a0)  ("Ky0  /2)1/ 2  (122) 

From  equations  (121)  and  (122),  the  theory  of  linear 
homogeneous  equations,  and  the  concept  of  repeated  roots,  the 
value  of  the  function  Y(y0)  can  be  determined. 

Y(yc)  =  Amsinh(Ty0)  +  Bmcosh(Ty0)  +  Cmy0 sinh (Ty0 ) 

+  Dmy0  cosh (Ty0 )  (123) 

where 

Am,  B,,,,  Cm,  Dm  =  set  of  arbitrary  constants 
Equations  (109)  through  (112)  again  comprise  the  group 
of  boundary  conditions  for  the  Y (y 0  )  function.  The 
enforcement  of  equation  (109)  on  equation  (123)  dictates  that 
Bm  must  vanish.  In  addition,  application  of  equation  (110) 
means  that  Dm  =  -AmT  So  equation  (123)  takes  the  following 
form: 

Y(y0)  =  Am{sinh (Ty0 )  -  Ty0 cosh (Ty0 ) }  +  Cmy0 sinh (Ty0 )  (124) 

The  first  derivative  of  Y  (y0  )  with  respect  to  y0  is 
therefore  easy  to  obtain. 

Y'(y0)  =  -AmT2y0  sinh (Ty0 )  +  Cm{sinh(Ty0) 

+  Ty0 cosh (Ty0 ) }  (125) 

Substitution  of  equations  (124)  and  (125)  into  equations 
(111)  and  (112)  again  yield  two  homogeneous  linear  equations 
in  coefficients  Am  and  Cm  .  For  non-trivial  Am  and  Cm  , 
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the 


following  determinental  equation  must  hold: 
sinh(Tb0)  -  Tb0cosh(Tb0)  b0sinh(Tb0) 

=0 

-T2b0sinh (Tb0)  sinh(Tb0)  +  Tb0cosh(Tb0)  (126) 

Expansion  of  the  determinant  gives: 

sinh2  (Tb0 )  -  (Tb0)2  =  0  (127) 

No  value  of  Tb0  greater  than  zero  can  satisfy  equation 
(127).  Therefore,  no  possible  solutions  exist  for  the 
present  boundary  conditions  for 

{(Kyo/2m2)2  +  KXo(a0/mb0)2  -  1  }  =  0  and  Ky<j  <  0 
Kvo  =  °‘ 

One  value  of  r  which  satisfies  equation  (120)  for 
Ky<j  =  0  is  simply  r.,  =  0  From  this  simple  result,  the  theory 
of  linear  homogeneous  equations,  and  the  concept  of  repeated 
roots,  the  value  of  the  function  Y(y0)  can  be  determined. 

Y(y0)  =  Am  +  Bm  yQ  +  C^yo  +  Dm  y0  (128) 

where 

Am,  Bm,  Cm,  Dm  =  set  of  arbitrary  constants 
Equations  (109)  through  (112)  constitute  the  set  of 
constraints  for  the  Y (y0  )  function.  Equations  (109)  and 
(110)  imply  that  Am  =  Bm  =  0  Equation  (111)  and  equation 
(112),  with  each  side  of  (112)  multiplied  by  b0  ,  yield  the 
following  set  of  simultaneous  equations. 

b0  +  Dm  b0  =  0 

2Cm  b2  +  3Dm  b0  =0  (129) 

Only  Cm  =  Dm  =  0  constitutes  a  valid  solution  for 


TABLE  VI 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0 -Direction  and  Clamped 
on  the  Two  Edges  Normal  to  the  y0 -Direction 


(The 

second 

column  denotes 

the  symmetric  or 

antisymmetr 

nature  of 

K*0  •  ) 

m 

X  1 

a,  /b0 

K*o 

Kx 

X  O 

1 

S 

0.6000 

-3.0 

8.2337 

1 

s 

0.7720* 

-3.0 

8.3892 

2 

s 

1.0000 

-3.0 

6.2049 

2 

s 

1.2000 

-3.0 

5.5520 

2 

s 

1.5199* 

-3.0 

5.6273 

3 

s 

1.8000 

-3.0 

5.0410 

3 

s 

2.0000 

-3.0 

4.9476 

3 

s 

2.2234* 

-3.0 

5.0572 

4 

s 

2.4000 

-3.0 

4.8607 

4 

s 

2.6000 

-3.0 

4.7711 

4 

s 

2.9098* 

-3.0 

4.8423 

1 

s 

0.6000 

0.0 

4.6277 

1 

s 

0.8000 

0.0 

4.8513 

1 

s 

0.9393* 

0.0 

5.6672 

2 

s 

1.2000 

0.0 

4.6277 

2 

s 

1.4000 

0.0 

4.5588 

2 

s 

1.6269* 

0.0 

4.9116 

3 

s 

1.8000 

0.0 

4.6277 

3 

s 

2.0000 

0.0 

4.5339 

3 

s 

2.3008* 

0.0 

4.7227 

4 

s 

2.6000 

0.0 

4.5380 

4 

s 

2.8000 

0.0 

4.5588 

4 

s 

2.9703 

0.0 

4.6471 

1 

s 

1.0000 

3.0 

2.3188 

1 

s 

1.1515* 

3.0 

3.7707 

2 

s 

1.4000 

3.0 

3.6145 

2 

s 

1.6000 

3.0 

3.9094 

2 

s 

1.7430  * 

3.0 

4.2789 

3 

s 

2.0000 

3.0 

4.1164 

3 

s 

2.2000 

3.0 

4.2059 

3 

s 

2.3814* 

3.0 

4.4082 

4 

s 

2.6000 

3.0 

4.3036 

4 

s 

2.8000 

3.0 

4.3245 

4 

s 

3.0323* 

3.0 

4.4590 

however,  the  quantitative  aspect  of  Figure  12  is  not  as 
appealing.  Computer-generated  plots  are  skewed  by  the  angle 
at  which  the  "artist"  draws  the  sketch.  Consequently, 
extraction  of  accurate  data  from  the  three-dimensional  plot 
is  virtually  impossible. 

Table  VII  gives  selected  coordinates  of  KVo  and  KXq  for 
three  distinct  values  of  a0/b0  —  1.2,  2.4,  and  3.6.  Also 
included  are  the  states  of  symmetry  or  antisymmetry  for  KXq . 

Figure  13,  14,  and  15  represent  two-dimensional  plots  at 
constant  a0/b0  slices  of  1.2,  2.4,  and  3.6,  respectively. 
These  graphs,  very  similar  to  those  obtained  in  the  simply 
supported  on  all  sides  case,  are  composed  of  very  nearly 
straight  line  segments.  Note  especially  that  KXq  declines  as 
K y o  increases  and  that  the  rate  of  decline  of  KX<J  for  an 
increase  in  Kyo  jumps  markedly  for  small  a0/b0. 
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the  state  of  symmetry  for  KXo  and  the  integer  value  of  m 
which  produces  this  minimum  KXo  .  Furthermore,  each  entry 
point  which  correponds  to  a  transition  point  from  the  m  curve 
to  the  (ra+1)  curve  is  superscripted  in  the  a0/bo  column  with 
a  star  (*) . 

The  statistics  presented  in  Table  VI  expose  two 
important  characteristics  of  laminates  under  compression  or 
tension  in  the  y0 -direction.  First,  the  transition  values  of 
a0/b0  increase  as  Kyo  becomes  algebraically  larger  (or  less 
tensile).  This  trend  is  most  pronounced  for  the  initial 
transition  points,  and  its  effect  diminishes  as  a  0  /b0 
approaches  a  large  number.  Second,  irrespective  of  the 
magnitude  of  KVo ,  KXq  attains  a  limiting  value  of  4.534  as 
a0/b0  approaches  infinity. 

Figure  11  represents  a  plot  of  K„o  versus  a0  /b0  for 
eleven  distinct  values  of  Ky<)  .  The  lowest  curve 
characterizes  Kv  =  5.0  ;  whereas,  the  highest  depicts 

Kyo  ■  -5.0  The  nine  other  curves  differ  from  each  other  by 
increments  of  one.  This  graph  reinforces  the  concept  that  KXq 
for  a  constant  Kyo  is  determined  not  by  one  continuous  curve 
but  by  the  lowest  values  of  an  infinite  number  of 
intersecting  curves.  In  addition,  the  merging  of  all  curves 
to  a  limiting  value  of  KXo  =  4.534  for  a0/b0  large  is 

readily  apparent. 

Figure  12  plots  in  three  dimensions  the  same  information 
as  Figure  11.  Qualitatively,  this  sketch  expresses  the 
nature  of  the  buckling  surface  better  than  does  Figure  11; 


(pmb0/2)  sinh (emb0/2)  cosh(pmb0/2) 
(0mbo/2)  sinh  (pmb0/2)  cosh(emb0/2)  =  0 


(180) 


Attempts  at  solution  of  this  antisymmetric  buckling 
equation  (180)  for  any  combination  of  a0/b0  and  Kyo  do  not 
yield  the  smallest  values  of  K*o  .  Therefore,  further 
consideration  of  this  equation  is  dropped. 

In  an  identical  fashion,  equations  (150)  and  (151)  are 
employed  as  boundary  conditions  for  the  symmetric  portion  of 
Y(y0),  Ys(yo)-  For  non-trivial  constants  Bm  and  Dm  ,  the 
following  determinental  equation  must  hold: 

cosh  (emb0/2)  cosh  (pmb0 /2) 

emsinh(emb0/2)  Bmsinh  (pmb0/2) 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0/2  gives: 

(pmb0/2)  cosh (flmb0/2)  sinh(pmb0/2) 

-  (emb0/2)  sinh (emb0/2)  cosh(pmb0/2)  *  0  (182) 

Attempts  at  solution  of  this  antisymmetric  buckling 
equation  (182)  for  any  combination  of  a0/b0  and  Kyo  do  not 
yield  the  smallest  values  of  KXq  .  As  a  result,  further 
considerations  of  this  equation  and  this  subcase  as  a  whole 
are  abandoned. 

Discussion  ol  Results 

Table  VI  gives  selected  a0/b0  ,  Ky<)  ,  and  K„o  ordered 

triplets  as  determined  by  equation  (169) .  Also  included  is 


Ui . 


mkmhmJm* 
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Jm,  Km,  Lm,  Mm  =  set  of  arbitrary  constants 
Equivalently,  equation  (174)  can  be  written  as: 

Y(y0)  =  Amsinh(8my0)  +  Bmcosh(emy0)  +  Cmsinh(pmy0) 

+  Dmcosh  (Bmy0)  (175) 

where 

(ran/a0)  {-Ky0 /2m2  -  ((Kyo/2m2)2 

+  KXo  (a0/mb0)2  -  1  ]1/2  }1/2  (176) 

Pm «  (  defined  in  equation  (163)  ) 

Am,  Bm,  Cm,  Dm  =  another  set  of  arbitrary  constants 

which  depend  upon  the  integer  m 
The  function  Y(y0  )  can  be  further  simplified  by 
reduction  into  its  antisymmetric  and  symmetric  parts. 

YA(yG)  =  Amsinh(emy0)  +  Cmsinh0myo)  (177) 

ys(y0)  =  Bmcosh  (emy0 )  +  Dmcosh(pmy0)  (178) 

As  illustrated  in  the  first  of  these  subcases,  the 
boundary  conditions  shown  in  equations  (150)  and  (151) 
govern.  Application  of  equations  (150)  and  (151)  first  is 
made  to  the  antisymmetric  portion  of  Y  (y0  ) ,  YA  (y0  ) .  For 
non-trivial  constants  Am  and  Cm  ,  the  following  determinental 
equation  must  hold: 

sinh  (emb0/2)  sinh(pmb0/2) 

=  0  (179) 

emcosh  (emb0/2)  pm  cosh  (fimb0/2) 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0/2  gives: 
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Attempts  at  solution  of  equation  (169)  for  any 
combination  of  a0/b0  and  Kyo  do  yield  the  smallest  values  of 
KX(}  .  The  buckling  is  always  symmetric  in  nature.  Further 
consideration  of  results  generated  by  equation  (169)  is 
postponed  until  the  last  of  the  three  subcases  is  presented. 

Ky0  Ranges  lism  a  Relatively  Large  M.e.ga,tiv.e.  Humkex  is 
Negative  Infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  be  greater  than  zero,  Kyo 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  negative  infinity.  Furthermore,  this  stipulation 
of  positivism  in  equation  (137)  ensures  that  the  bracketed 
quantity  in  equation  (138)  will  be  similarly  greater  than 
zero.  In  equation  form  then,  the  search  for  a  solution  for  K 
for  this  subcase  is  limited  by  the  following  inequalities: 

(Kyo/2m2)2  +  KXq  (a0/mb0)2  -1  0  (170) 

-Kyo/2m2  -  [(Kyo/2m2)2  +  KXo(a0/mb0)2  -  1  ]1/2  0  (171) 

As  a  result,  all  four  values  of  r  can  be  determined, 
r,  2  *  +  (mn/a0)  {-Kyo  /2m2  -  [(Ky<J/2m2)2 

+  KXo  (a0/mb0)2  -  1  ]1/2  }1/2  (172) 

r3  4  =  +  (mn/a0 )  {-Kyo  /2m2  +  [(Kyo/2m2)2 

+  KXq  (a0/mb0)2  -  1  ]1/2  },/2  (173) 

Since  all  four  values  of  r  are  known,  the  desired 
function  Y(y0)  can  be  written  as: 

Y(y0)  »  Jmeriyo  +  Kmer2y°  +  hmer^°  +  Mmer*y°  (174) 

where 
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antisymmetric  portion  of  Y(y0),  YA  (yc  )  •  For  non-trivial 
constants  Am  and  Cm  ,  the  following  determinental  equation 
must  hold: 


sin  (amb0/2) 


sinh  (pmb0/2) 


=  0  (166) 


|amcos(amb0/2)  pmcosh(pmb0/2)  | 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0/2  gives: 

(pmb0/2)  sin  (amb0/2)  cosh(pmb0/2) 

-  (amb0/2)  cos  (amb0/2)  sinh  (pmb0/2)  =  0  (167) 

Attempts  at  solution  of  this  antisymmetric  buckling 
equation  (167)  for  any  combination  of  a0/bo  and  Kyo  do  not 
yield  the  smallest  values  of  KXo  .  Therefore,  further 
consideration  of  this  equation  is  dropped. 

In  an  identical  manner,  equations  (150)  and  (151)  are 
employed  a3  boundary  conditions  for  the  symmetric  portion  of 
Y(y0),  Ys  (yQ ) .  For  non-trivial  constants  Bm  and  Dm  ,  the 
following  determinental  equation  must  hold: 


cos(amb0/2) 


cosh  (Pmb0/2) 


=  0  (168) 


|  -amsin(amb0/2)  pm  sinh(Pmb0/2)  | 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0/2  gives: 


(pmb0/2)  cos  (amb0/2)  sinh  (Pmb0/2) 
+  (amb0/2)  sin  (amb0/2)  cosh(Pmb0/2) 


0  (169) 


As  a  result,  all  four  values  of  r  can  be  determined, 
r,  2  =  +  (mn/a0)  i  {KVo  /2m2  +  [(Kyo/2m2)2 

+  KXq  (a0/rab0)2  -  1  ]1/2  }1/2  (159) 


r3,4  *  t 

(mn/a0 ) 

{-Kyo/2m2  +  [(Kyo/2ra2)2 

+  KXq  (a0/mb„)2  -  1 

jl/2  ^1/ 2 

(160) 

Since  all 

four  values  of  r  are 

known,  the 

desired 

function 

Y(y0)  can  be  written  as: 

Y(y0) 

88  Jmeriy° 

+  Kmer2y°  +  L_er3yo  + 

m  m 

M  er4y° 

(161) 

where 


Jm,  Km,  Lm,  Mm  =  set  of  arbitrary  constants 
Equivalently,  equation  (161)  can  be  expressed  as: 

Y(yc)  *  Amsin(amy0)  +  Bmcos(amy0)  +  Cmsinh(3my0) 

+  Dmcosh(pmy0)  (162) 

where 

am  =  (  defined  in  equation  (145)  ) 

Pm  =  (mn/a0 )  {  -K,0/2ra2+  [(Kyo/2m2)2 

+  KXq  (a0/mbo)2  -  1  J1/2  }1/2  (163) 

Am,  Bm,  Cm,  Dm  =  another  set  of  arbitrary  constants 

which  depend  upon  the  integer  m 
The  function  Y (y0  )  can  be  further  simplified  by 
reduction  into  its  antisymmetric  and  symmetric  parts. 

(Yo  )  a  Amsin(amy0)  +  Cmsinh(pmy0)  (164) 

Ys  (Yo  )  88  Bmcos(amy0)  +  Dmcosh(pmy0)  (165) 

As  illustrated  in  the  previous  subcase,  the  boundary 
conditions  shown  in  equations  (150)  and  (151)  govern. 
Application  of  equations  (150)  and  (151)  first  is  made  to  the 
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it'  i"  j,  ■  m'v 


cos  (amb0/2) 


cos  (vmb0/2) 


=  0  (154) 


| -amsin(amb0/2)  -vmsin(vmb0/2)  | 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  (-b0/2)  gives: 

(vmb0/2)  sin  (vmb0/2)  cos(amb0/2) 

-  (amb0/2)  sin (amb0/2)  cos(vmb0/2)  =  0  (155) 

Likewise,  attempts  at  solution  of  equation  (155)  for  any 
combination  of  a0/b0  and  Kyo  do  not  yield  the  smallest  values 
of  KX<J  .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  as  a  whole  are  abandoned. 


Kyo  Ranges  iLL2ffi  fl  Relatively  LfliSfi.  Mfi.gfl.tlY.fi.  MmnfefiX  tfi  fl 
Relatively  Large  Positive  Number . 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  K 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  On  the  other  hand,  if  the 
quantity  bracketed  in  equation  (138)  must  be  positive,  K 
can  validly  range  from  a  relatively  large  positive  number  to 
negative  infinity.  The  intersection  of  these  two  domains 
dictates  that  Ky<)  range  from  a  relatively  large  negative 
number  to  a  relatively  large  positive  value.  In  equation 
form,  the  search  for  a  solution  fc”  KXq  for  this  subcase  is 
limited  by  the  following  three  inequalities: 


(Kyo/2m2)2  +  KXq  (a0/mb0)2  -  1  >  0  (156) 


-Kyo/2m2  - 

[  (Kyo/2m2)2 

+  KXq  (a0/mb0)2 

-  i  ]1/2  <  o 

(157) 

-Kyo/2m2  + 

t  (Kyo  /2m2)2 

+  K„0  <a0/mb0)2 

-  i  J1/2  >  o 

(158) 

y0 


Vo 
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information  of  equation  (149)  will  be  manipulated.  For 
equation  (149)  to  hold  in  general,  the  following  boundary 
conditions  must  be  obeyed: 

Y(b0/2)  =  0  (150) 

y  (b0/2)  =  0  (151) 

Application  of  equations  (150)  and  (151)  first  is  made 
to  the  antisymmetric  portion  of  Y(y0  ),  Y  A  (y  ) .  For 

non-trivial  constants  Am  and  Cm  ,  the  following  determinental 
equation  muse  hold: 

sin(amb0/2)  sin  (vm  b0/2) 

=  0  (152) 

am  cos(amb0/2)  vm  cos(vmb0/2) 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0/2  gives: 

(vmb0/2)  sin (amb0/2)  cos(vmb0/2) 

-  (amb0/2)  sin  (ym  b0/2)  cos(amb0/2)  =  0  (153) 

Attempts  at  solution  of  equation  (153)  for  any 
combination  of  a0/bo  and  Kyo  do  not  yield  the  smallest  values 
of  KXo .  Therefore,  further  consideration  of  this  equation  is 
dropped. 

In  an  identical  manner,  equations  (150)  and  (151)  are 
employed  as  boundary  conditions  for  the  symmetric  portion  of 
Y (y0  ) ,  Ys(y0).  For  non-trivial  constants  Bm  and  Dm  ,  the 
following  determinental  equation  must  hold: 


where 

Jm,  Km,  Lmf  Mm  =  set  of  arbitrary  constants 
Equivalently,  equation  (143)  can  be  expressed  as: 

*(Yo)  -  VinlflJ»)  +  Bmcos(amy0)  +  Cmsin(vmy0) 

+  Dmcos(vmy0)  (144) 

where 

am  “  (mn/a0)  {Kyo /2m2  +  [(Kyo/2m2)2 

+  KXo  (a0/mb0)2  -  1  ]1/2  }1/2  (145) 

vm  =  (mn/a0){Kyo/2m2  -  [(Kyo/2m2)2 

+  KXo  (a0/mb0)  -  1  ]1/2  }1/2  (146) 

Am,  Bm,  Cm,  Dm  =  another  set  of  arbitrary  constants 

which  depend  on  the  integer  m 
The  function  Y(y0  )  can  be  further  simplified  by 
reduction  into  its  antisymmetric  and  symmetric  parts. 

ya(Yo)  =  Amsin(amy0)  +  Cm  sin(vmy0)  (147) 

Ys(y0)  *  ®m  cos (am y0  )  +  Dm  cos (vmy0 )  (148) 

Consider  the  boundary  conditions,  equations  (74) ,  for 
this  case  of  a  laminate  simply  supported  in  the  x0-direction 
and  clamped  in  the  y0 -direction.  The  final  two,  expressed  in 
the  separation  functions,  become: 

Y(-b0/2) sin (mnx0/a0 )  =0  ;  Y' (-b0/2) sin (mnx0/a0 )  =0 

(149) 

Y  (  b0/2) sin (mnx0/a0 )  =0  ;  Y' (  b0/2) sin (mnx0/a0)  =0 

The  two  lines  of  equation  (149)  each  express  identical 
information  when  the  function  Y(y0)  is  broken  down  into  its 
components  YA (yc )  and  Ys(y0).  Thus,  only  the  bottom  line  of 


imply  not  only  different  solution  forms  but  different  domains 
of  Kyo  for  valid  solutions.  Three  subcases  again  must  be 
considered  so  that  a  solution  for  KXq  may  be  determined  for 
any  range  of  Kyo  . 

Kyo  ftang.es  a  Relatively  L.aia&  Po.s.it.iv.e  dumber  tp 
Positive  Infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  Ky 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  Similarly,  if  the  quantity 
likewise  bracketed  in  equation  (138)  cannot  be  positive,  Ky 
can  validly  range  from  a  relatively  large  positive  number  to 
positive  infinity.  The  intersection  of  these  two  domains  is 
then  merely  this  last  quoted  domain.  In  equation  form  the 
search  for  a  solution  for  KXq  for  this  subcase  is  limited  by 
the  following  two  inequalities: 


(Kyo/2m2)2  +  KXq  (a0/mb0)2  -  1 

> 

0 

(139) 

-Kyo/2m2  +  I  (Ky„  /2m2)2  +  KXo(a0/mb0)2  -  1]1/2 

< 

0 

(140) 

As  a  result,  all  four  values  of  r  can  be 

determined. 

ri  2  =  t  (»n/a0)  i  {Kyo  /2m2  +  l  (Ky  /2m2)2 

+  KXq  (a0/mb0)2  -  1]1/2 

}1/2 

(141) 

r3  4  =  +  (mn/a0)  i  {Kyo /2m2  -  [(Kyo/2m2? 


Since  all 
function  Y(y0) 

*(Yo)  - 


+  Kx 
*o 

(a0/mb0)2  - 

1]V2 

i,/2 

(142) 

four 

values 

of  r  are 

known, 

the 

desired 

can  be 

written 

as: 

Jmeri*o 

+  Kmer2V° 

+  Lmer3yo  + 

Mmer^y° 

(143) 

coefficients  Am  and  Cm  .  For  non-trivial  Am  and  Cm  ,  the 
following  deterroinental  equation  must  hold: 

sin(Ub0)  -  Ub0cos(Ub0)  b0sin(Ub0) 

=0 

U2b0sin  (Ub0  )  sin(Ub0)  +  Ub0cos(Ub0)  (135) 

Expansion  of  the  determinant  gives: 

sin2  (Ub0 )  -  (Ub0)2  =  0  (136) 

No  value  of  Ub0  greater  than  zero  can  satisfy  equation 
(136).  Therefore,  no  possible  solutions  exist  for  the 

present  boundary  conditions  for 

{(Kyo/2m2)2  +  KXo  (ao/mb0)2  -  1  }  =  0  and  R,o  >  0 

{(Kyo/2m2)2  +  KXo  (a0/mb0)2  -  1  }  >  0 

For  the  quantity  {  (Ky<) /2m2  )2  +  KXq  (a0/mb0)2  -  1  }  >  0 
equation  (81)  does  not  need  to  be  altered.  The  first  two 
roots  of  r  stem  from  the  selection  of  the  negative  sign 
before  the  left  square  bracket  in  equation  (81),  while  the 
final  two  can  be  obtained  by  choice  of  the  positive  sign. 
ri,2  =  (mn/a0 )2  {-KyQ/2m2  -  [  (Kyo /2ra2)2 

+  KXq  (a0/mb0)2  -  1  ]1/2  }  (137) 

r2  4  =  (mn/aQ)2  {-Kyo /2m2  +  [(Kyo/2m2)2 

+  KXq  (a0/mbo)2  -  1  J1/2  }  (138) 

The  quantities  of  intense  interest  now  are  those 
contained  in  the  curly  brackets  of  equations  (137)  and  (138). 
Positive  or  negative  characters  of  each  of  these  quantities 


equations  (129).  So  again  no  possible  solutions  exist  for 

the  present  boundary  conditions  for 

{(Kyo/2m2)2  +  KXq  (a0/mb0)2  -1  }  ■  0  and  KVq  =  0 

Ky0  >  °- 

Two  values  of  r  which  satisfy  equation  (120)  for  Kyo  >  0 
are  straightforward. 

rit2  =  t1  (n/ao>  (Kyo  /2 )'  7  2  (130) 

For  simplicity,  make  the  following  definition: 

U  =  (n/a0 )  (Kyo  /2)1/2  (131) 

From  equations  (130)  and  (131),  the  theory  of  linear 
homogeneous  equations,  and  the  concept  of  repeated  roots,  the 
value  of  the  function  Y(y0)  can  be  determined. 

Y  (y  0 )  «  Amsin(Uyc)  +  Bmcos(uy0)  +  Cmy0sin(Uy0) 

+  Dmy0  cos (Uyc )  (132) 

where 

Am,  Bm,  Cm,  Dm  =  set  of  arbitrary  constants 
Equations  (109)  through  (112)  again  comprise  the  body  of 
boundary  conditions  for  the  Y  (y0 )  function.  The  enforcement 
of  equation  (109)  on  equation  (132)  dictates  that  Bm  must 
vanish.  Furthermore,  application  of  equation  (110)  means 
that  Dm  =  -AmU  So  equation  (132)  takes  the  following  form: 

Y (y0 )  =  Am{sin (Uy0 )  -  Uy0 cos (Uy0 ) }  +  Cmy0sin(Uy0)  (133) 
The  first  derivative  of  Y  (y0  )  with  respect  to  y0  is 
therefore  easy  to  obtain. 

Y’(y0)  -  AmU2y0  sin(Uy0)  +Cm{sin(Uy0)  +  Uy0  cos  (Uy0  ) }  (134) 

Substitution  of  equations  (133)  and  (134)  into  equations 
(111)  and  (112)  yield  two  homogeneous  linear  equations  in 


TABLE  VII 


Kx0  Versus  Kyo  for  Various  Plate  Aspect  Ratios  for  a  Laminate 
Simply  Supported  in  the  x0 -Direction  and  Clamped  in  the 

y0 -Direction 


(The  second  column  denotes 
nature  of  KXq . ) 

m  x  a0/b0 

2  S  1.2000 
2  S  1.2000 
2  S  1.2000 
2  S  1.2000 
2  S  1.2000 

2  S  1.2000 
1  S  1.2000 
4  S  2.4000 
4  S  2.4000 
4  S  2.4000 
4  S  2.4000 
4  S  2.4000 

4  S  2.4000 

3  S  2.4000 
6  S  3.6000 
6  S  3.6000 

5  S  3.6000 
5  S  3.6000 
5  S  3.6000 
5  S  3.6000 
5  S  3.6000 


the  symmetric  or  antisymmetric 


KVo 

Kx 

*0 

-5.0 

6.1580 

-3.0 

5.5520 

-1.0 

4.9381 

0.0 

4.6277 

1.0 

4.3148 

3.0 

3.6796 

5.0 

1.7018 

-5.0 

5.0153 

-3.0 

4.8607 

-1.0 

4.7056 

0.0 

4.6277 

1.0 

4.5497 

3.0 

4.3933 

5.0 

4.1550 

-5.0 

4.8005 

-3.0 

4.7315 

-1.0 

4.6428 

0.0 

4.5930 

1.0 

4.5431 

3.0 

4.4432 

5.0 

4.3431 

FIGURE  11 

XO-BUCKLING  COEFFICIENT  VERSUS  AFFJNC  ASPECT  RATIO  FOR  AN  S-C-S'C  LAMINATE 
FOR  VARIOUS  CONSTANT  TO-BUCKLING  COEFFICIENT  VALUES 


FIGURE  12 

SURFACE  REPRESENTING  RELATION  BETWEEN  BUCKLING  COEFFICIENTS  AND  AFFINE  ASPECT  RATIO 

FOR  AN  S-C-S-C  LAMINATE 


FIGURE  13 

XO-BUCKLING  COEFFICIENT  VERSUS  TO-BUCKLING  COEFFICIENT  RT  fl  CONSTANT  RFFINE  ASPECT 

RRTIO  OF  1.2  FOR  RN  S-C-S-C  LRM1NRTE 


FIGURE  15 

xo -buckling  coefficient  versus  to-buckling  coefficient  rt  a  constant  rffine  rspect 

RATIO  OF  3.6  FOR  AN  S-C-S-C  LAMINATE 


V.  Flat  Rectangular  Composite  Laminate  S imply  SUPP.ttX.tad  in 
She.  x0-Direction  and  Simply  Supported  and  Clamped  on 
the  Two  Edges  Normal  Is  Xtlfi  y0-Direction 

The  boundary  conditions  for  a  laminate  simply  supported 
in  the  x0-direction  and  simply  supported  and  clamped  on  the 
two  edges  perpendicular  to  the  y0  -direction  display  no 
symmetry  in  the  y0 -direction.  For  the  two  edges  which  have 
normals  parallel  to  the  x0 -axis,  the  vertical  displacement 
along  each  edge  and  the  normal  component  of  the  moment  to 
each  edge  must  vanish  in  the  affine  space.  Similarly,  for 
that  edge  normal  to  the  y0  -direction  which  is  simply 
supported,  these  same  edge  conditions  also  hold.  However, 
for  the  remaining  edge,  which  is  oriented  perpendicular  to 
the  y0 -direction,  the  vertical  displacement  and  the  slope  of 
the  vertical  displacement  with  respect  to  y0  must  vanish.  In 
equation  form,  the  following  must  hold: 


on 

edge  x0=- 

•a0/2  , 

w  = 

0 

• 

t 

€ 

X 

o 

X 

o 

=  0 

on 

edge  x0= 

ao/2  t 

w  = 

0 

• 

f 

w»x0*0 

=  0 

on 

edge  y0  = 

0 

w  = 

0 

; 

wn0*o 

=  0 

(183) 

on 

edge  y0  = 

bo  r 

w  = 

0 

• 

§ 

W'Yo 

=  0 

Note  that  the  origin  of  coordinates  in  the  affine  space 
is  taken  to  be  at  the  center  of  the  simply  supported  edge 
normal  to  the  y0-direction.  This  choice  of  origin  location, 
in  general,  allows  maximum  simplicity  in  manipulations  since 
a  lack  of  symmetry  is  present  in  the  boundary  conditions  in 
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the  y0-direction. 

just  as  before,  a  displacement  function  w  which 
satisfies  the  first  two  stipulations  of  equations  (183)  is 
given  by  equation  (77).  Furthermore,  substitution  of  this 
relation  for  w  into  the  general  buckling  equation  (14) 
produces  equation  (81)  by  arguments  identical  to  those 
presented  in  section  IV.  The  variable  r  is  defined  in 
equation  (81)  by  equation  (39).  Equation  (81)  is  now 
analyzed  for  the  three  possible  algebraic  states — negative, 
zero,  and  positive — of  the  quantity  in  the  square  brackets  of 
equation  (81).  Again,  as  explained  in  section  IV,  it  is  of 
the  utmost  importance  to  discuss  possible  solutions  in 
precisely  this  order. 

{  (KVo/2m2)2  +  KXo(a0/mb0)2  -  1  }  <  0 

For  the  quantity  {  (Kyo /2m2  )2  +  KXo(a0/mb0)2  -  1  }  <  0 

equations  (82)  through  (105)  explicitly  show  that  the  unknown 
function  Y(y0)  must  take  the  form  shown  in  equation  (106). 

Consider  now  the  boundary  conditions,  equations  (183) , 
for  this  case  of  a  laminate  simply  supported  on  three  sides 
and  clamped  on  the  fourth.  When  the  chosen  form  of  w, 
equation  (77),  is  substituted  into  the  final  two  equations  of 
equations  (183),  the  following  must  hold: 

Y (0)  sin(mnx0/a0)  =0  ;  Y,f(0)  sin(mnx0/a0)  =  0  (184) 

Y  (b0 ) sin (mnx0/a0 )  =  0  ;  Y ' (b0 )  sin  (ranx0/a0 )  =  0  (185) 

For  equations  (184)  and  (185)  to  have  meaning  in  the 
general  case,  the  following  conditions  must  hold: 


Y(b0)  =  0  (188) 

Y* (b0)  *  0  (189) 

First,  apply  equation  (186)  to  equation  (106).  This 
solution  fixes  Dm  in  terras  of  Bm  such  that  Dm  =  -B, 
Utilization  of  equation  (187)  on  the  Y  (y0 )  equation  similarly 
determines  a  value  Cm  in  terras  of  Am. 

Am(2cs)  +  Bm  (c  2  -  S2)  -  Cm(2cs)  +  Dm(c 2  -  s2 )  =  0  (190) 

But  since  Dm  *  -Bm  , 

Cm  =  Am(2cs)  /  (2cs )  =  Am  (191) 

For  these  values  of  Cm  and  equation  (106)  takes  on 

the  following  form: 

Y(y0)  *  Am{  sin  (syQ )  (ecyo  +  e~cy°  )} 

+  Bm{  cos  (sy0 )  (ecy°  -  e~cy°  )}  (192) 

The  first  derivative  of  Y(y0)  with  respect  to  y„  is  easy 
to  obtain. 

y,(y0)  ■  Am{  cos  (sy0 )  (secy°  +  se'cy°  ) 

+  sin(sy0)  (cecy°  -  ce~cyo  )} 

+  Bm{  sin(sy0)  (-secy°  +  se_cy°  ) 

+  cos(sy0)  (cec¥o  +  ce~cy°  )}  (193) 

Substitution  of  equations  (192)  and  (193)  into  equations 
(188)  and  (189)  yield  two  homogeneous  linear  equations  in 

coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm  ,  the 

following  determinental  equation  must  hold: 


sin(sb0)  (ecb°  +e  cb°) 


cos(sb0)  (ecb°  -e  cb°) 


sin(sb  )  (cecb° -ce"cb°)  ^  sin  {sbQ )  (-secb°  +se-cb°) 

+  cos  (sb0)  (secb°  +se_cbo)  |+  cos  (sb0 )  (cecb°  +ce_cb°)  (194) 
Expansion  of  the  determinant  gives: 
e2cb°  -  e“2cbo  -  4(cb0/sb0)  sin(sb0)  cos  (sb0)  =  0  (195) 

Unfortunately,  for  any  combination  of  a0/b0  and  Kyo  ,  no 
value  of  KX(j  satisfies  equation  (195).  In  other  words,  no 
possible  solutions  exist  for  the  present  set  of  boundary 
conditions  for  {(Kyo/2m2)2  +  KXq  (a0/mb0)2  -  1  }  <  0 

{(Kyo/2m2)2  +  KXo  (a0/mb0)2-  1  }  *  0 

For  the  quantity  {  (Kyo  /2m2)2  +  RXo  (a0/mb0)2-  1  }  *  0 

equation  (81)  simplifies  to  equation  (120).  Since  the 
character  of  equation  (120)  differs  drastically  for  the 
choice  of  algebraic  sign  of  Ky0  ,  each  possible  range  of  Kyo 
— negative,  zero,  and  positive — will  be  analyzed  as  different 
subcases. 

Ky0  <  0. 

For  Ky  0  <  0  equations  (121)  and  (122)  explicitly 

demonstrate  that  the  unknown  function  Y(y0  )  must  take  the 
form  shown  in  equation  (123).  Equations  (186)  through  (189) 
again  comprise  the  group  of  boundary  conditions  for  the  Y(y0) 
function.  The  enforcement  of  equation  (186)  on  equation 
(123)  dictates  that  Bm  must  vanish.  In  addition,  application 
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of  equation  (187)  leads  one  to  the  conclusion  that  Cm  is 
zero.  So  equation  (123)  takes  on  the  following  form: 

Y(y0)  =  Amsinh (Ty0 )  +  Dmy0 cosh (Ty0 )  (196) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is 
therefore  easy  to  obtain. 

Y'(y0)  ■  AmTcosh(Ty0)  +  Dm{cosh(Ty0)  +Ty0 sinh (Ty0 ) }  (197) 

Substitution  of  equations  (196)  and  (197)  into  equations 
(188)  and  (189)  yield  two  homogeneous  linear  equations  in 
coefficients  Am  and  Dm .  For  non-trivial  Am  and  Dm ,  the 
following  determinental  equation  must  hold: 

sinh(Tb0)  b0cosh(Tb0) 

-  0 

T  cosh(Tb0)  cosh(Tb0)  +  Tb0sinh(Tb0)  (198) 

Expansion  of  the  determinant  gives: 

sinh(Tb0)  cosh(Tb0)  -  Tb0  =  0  (199) 

No  value  of  Tb0  greater  than  zero  can  satisfy  equation 
(199).  Therefore,  no  possible  solutions  exist  for  the 
present  boundary  conditions  for 

{(KVo/2m2)2  +  KXo(a0/mb0)2  -  1  }  =  0  and  Kyo  <  0 
K¥o  =  0. 

For  Kyo  =  0  equation  (128)  constitutes  the  required 
shape  of  the  unknown  Y(y0)  function.  In  addition,  equations 
(186)  through  (189)  are  the  sets  of  constraints  for  this 
Y(y0)  function.  Equations  (186)  and  (187)  imply  that 
Am*  Cm«  0  Equations  (188)  and  (189),  with  each  side  of  (189) 
multiplied  by  b0  ,  yield  the  following  set  of  simultaneous 


equations: 


"*■  Dmb0  =  0 


(200) 


Bmb0  +  3Dmbo  =  0 

Only  Bm  =  Dm  =  0  constitutes  a  valid  solution  for 

equations  (200) .  So  again  no  possible  solutions  exist  for 

the  present  boundary  conditions  for 
{ (Ky<>  /2m2)2  +  K>0(a„/mb0)2  -  1  )  =  0  and  Kyo  =  0 
K,0  >  0. 

For  Ky<)  >  0  equations  (130)  and  (131)  explicitly 

demonstrate  that  the  unknown  function  Y(y0)  must  take  the 

form  shown  in  equation  (132).  Equations  (186)  through  (189) 
again  comprise  the  group  of  boundary  conditions  for  the  Y(y„) 
function.  The  enforcement  of  equation  (186)  on  equation 
(132)  dictates  that  Bm  must  vanish.  In  addition,  application 
of  equation  (187)  leads  one  to  the  conclusion  that  Cm  is 
zero.  So  equation  (132)  takes  on  the  following  form: 

Y(y0)  =  Amsin(Uy0)  +  Dmy0cos(Uy0)  (201) 

The  first  derivative  of  Y(y0)  with  respect  to  yD  is 
theretore  easy  to  obtain. 

Y'(y0)  *  AmUcos  (Uy0  )  +  Dm{cos  (Uy0  )  -  Uy0sin(Uy0)}  (202) 
Substitution  of  equations  (201)  and  (202)  into  equations 
(188)  and  (189)  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Dm .  For  non-trivial  Am  and  Dm ,  the 


following  determinental  equation  must  hold: 


sin (Ub0 ) 


b0cos  (Ub0 ) 


=  0 


ju  cos(Ub0)  cos(Ub0)  -  Ub0sin(Ub0)  | 

Expansion  of  the  determinant  gives: 

sin(Ub0)  cos (Ub0 )  -  Ub0  =  0 
No  value  of  Ub0  greater  than  zero  can  satisfy 
(204).  Therefore,  no  possible  solutions  exist 
present  boundary  conditions  for 

{(KVo/2m2)2  +  KXq  (a0/mb0)2  -  1  }  »  0  and  KVo  >  0 


(203) 


(204) 
equation 
for  the 


{(Kyo/2m2)2  +  KXo  (a0/mbo)2  -  1  }  >  0 

For  the  quantity  {  (Kyo  /2m2)2  +  KXq  (a0/mb0)2-  1  }  >  0 
equation  (81)  reduces  to  equations  (137)  and  (138).  Each  of 
these  two  equations  determines  two  roots  for  the  unknown 
Y(y0)  function.  Peak  interest  centers  on  the  positive  or 
negative  characters  of  those  quantities  contained  ir,  the 
curly  brackets  of  equations  (137)  and  (138),  for  these 
aspects  imply  not  only  different  solution  forms  but  different 
domains  of  Ky<j  for  valid  solutions.  Three  subcases  must  be 
considered  so  that  a  solution  for  KXq  may  be  determined  for 
any  range  of  KVo . 

kVo  Bange.5  from  s  Bela  timely  Large  p.Qsitiv.e  Hwnber  to 
Eoaitiy.fi  Infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  Ky<) 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  Similarly,  if  the  quantity 


-79- 


“■•--4 


j 


likewise  bracketed  in  equation  (138)  cannot  be  positive,  Kyo 
can  validly  range  from  a  relatively  large  positive  number  to 
positive  infinity.  The  intersection  of  these  two  domains  is 
then  merely  the  last  quoted  domain.  In  equation  form,  the 
search  for  a  solution  is  limited  by  the  two  inequalities 
expressed  in  equations  (139)  and  (140) .  Furthermore, 
equations  (141)  through  (143)  explicitly  demonstrate  that 
Y (y0 )  must  take  the  form  shown  in  equation  (144).  Note  also 
that  equations  (145)  and  (146)  define  the  variables  in 
equation  (144).  Equations  (186)  through  (189)  again  comprise 
the  group  of  boundary  conditions  for  the  Y(y0  )  function. 
First,  apply  equation  (186)  to  equation  (144).  This 
stipulation  fixes  Dm  in  terms  of  Bm  such  that  Dm=  -Bm 
Utilization  of  equation  (187)  on  the  Y  (y0  )  equation,  on  the 
other  hand,  forces  Bm  and  hence  Dm  to  vanish.  So  equation 
(144)  takes  on  the  following  form: 

Y(y0)  =  Amsin(amy0)  +  Cmsin(vmy0)  (205) 

The  first  derivative  of  Y  (y0 )  with  respect  to  y0  is  easy 
to  obtain. 

Y'(y0)  =  Amamcos(amy0)  +  Cmvm  cos  (vm  y  o )  (206) 

Substitution  of  equations  (205)  and  (20b)  into  equations 
(188)  and  (189)  yields  two  homogeneous  linear  equations  in 
the  coefficients  Am  and  Cm.  For  non-trivial  Am  and  Cm,  the 
following  determinental  equation  must  hold: 
sin(amb0)  sin(Ymb0) 

=  0  (207) 

am  COS  (am  bQ  )  YmCOS(Ymb0) 


-80- 
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Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0  gives: 

vmb0sin(ambo)cos(vmbo  )  -  omb0sin  (vmb0  )cos  (amb0)  *  0  (208) 

Attempts  at  solution  of  equation  (208)  for  any 
combination  of  a0/b0  and  Ky<>  do  not  yield  the  smallest  values 
of  KXg .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  are  abandoned. 

KVo  Ranges  from  a  Relatively  Lama  fleaatiya  ftumkar  La  a 
Relatively  lama  Positive  Number. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  Ky 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  On  the  other  hand,  if  the 
quantity  bracketed  in  equation  (138)  must  be  positive,  Ky<> 
can  validly  range  from  a  relatively  large  positive  number  to 
negative  infinity.  The  intersection  of  these  two  domains 
dictates  that  KVo  range  from  a  relatively  large  negative 
number  to  a  relatively  large  positive  value.  In  equation 
form,  the  search  for  a  solution  is  limited  by  the  three 
inequalities  expressed  in  equations  (156),  (157),  and  (158). 
Furthermore,  equations  (159),  (160),  and  (161)  explicitly 

demonstrate  that  Y(y0)  must  take  the  form  shown  in  equation 
(162).  Note  also  that  equations  (145)  and  (163)  define  the 
variables  in  equation  (162).  Equations  (186)  through  (189) 
once  more  comprise  the  group  of  boundary  conditions  for  the 
Y(y0)  function.  First,  apply  equation  (186)  to  equation 


(162).  This  stipulation  fixes  Dm  in  terms  of  Bm  such  that 


Dm«  -Bm  Utilization  of  equation  (187)  on  the  Y (y0 )  equation, 
on  the  other  hand,  forces  Bm  and  hence  Dm  to  vanish.  So 
equation  (162)  takes  on  the  following  form: 

*(Yo>  ■  Amsin(affly0)  +  Cmsinh(fjmy0)  (209) 

The  first  derivative  of  Y (y0 )  with  respect  to  y0  is  easy 
to  obtain. 

Y'(y0)  -  Amamcos(amy0)  +  Cmpmcosh  (pmy0 )  (210) 

Substitution  of  equations  (209)  and  (210)  into  equations 
(188)  and  (189)  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Cm .  For  non-trivial  Am  and  Cm,  the 
following  determinental  equation  must  hold: 

sin  (amb0 )  sinh(pmb0) 

-  0  (211) 

amcos(amb0)  cosh  (pmb0 ) 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0  gives: 

Pmb0 sin (amb0) cosh (Pmb0)  -  amb0cos(omb0)sinh(pmb0)  -0  (212) 

Attempts  at  solution  of  equation  (212)  for  any 
combination  of  a0/b0  and  KVq  do  yield  the  smallest  values  of 
K„o  .  Further  consideration  of  results  generated  by  equation 
(212)  is  postponed  until  the  last  of  the  three  subcases  is 
presented. 

Ky0  &aaaea  iism  a  Bslatiy.ely  Large  Negative  Number  ip 
Negative  Inil Pity. 

If  the  quantity  contained  in  the  curly  brackets  of 


equation  (137)  is  constrained  to  be  greater  than  zero,  K 
can  take  on,  any  value  from  a  comparatively  large  negative 
number  to  negative  infinity.  Furthermore,  this  stipulation 
of  positivism  in  equation  (137)  ensures  that  the  bracketed 
quantity  in  equation  (138)  will  be  similarly  greater  than 
zero.  In  equation  form,  the  search  for  a  solution  is  limited 
by  the  two  inequalities  expressed  in  equations  (170)  and 
(171).  Moreover,  equations  (172),  (173),  and  (174) 

sequentially  illustrate  that  Y(y0)  must  take  the  form  shown 
in  equation  (175).  Note  also  that  equations  (163)  and  (176) 
define  the  variables  in  equation  (175).  Equations  (186) 
through  (189)  once  more  comprise  the  group  of  boundary 
conditions  for  the  Y(y0  )  function.  First,  apply  equation 
(186)  to  equation  (175).  This  combination  fixes  Dm  in  terms 
of  Bm  such  that  Dm»  -Bm  Utilization  of  equation  (187)  on 
the  Y(y0)  equation,  in  contrast,  forces  Bm  and  hence  Dm  to 
vanish.  So  equation  (175)  takes  on  the  following  form: 

Y(Yo)  -  Amsinh(emy0)  +  Cmsinh(pmy0)  (213) 

The  first  derivative  of  Y(y0)  with  respect  to  yc  is  easy 
to  obtain. 

Y’(Yo)  -  Amemcosh(emy0 )  +  CmPmcosh  (pmy0 )  (214) 

Substitution  of  equations  (213)  and  (214)  into  equations 
(188)  and  (189)  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Cm.  For  non-trivial  Am  and  Cm,  the 
following  determinental  equation  must  hold: 


sinh  (9mb0 ) 


sinh(pmb0) 


(215) 


»  0 

emcosh  (emb0 )  pmcosh  (Pmb0) 

Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b0  gives: 

P^b0sinh  (emb0)  cosh(pmb0) 

-  emb0sinh  (pmb0)  cosh(emb0)  »  0  (216) 

Attempts  at  solution  of  equation  (216)  for  any 
combination  of  a0/b0  and  Kyo  do  not  yield  the  smallest  values 
of  KXq .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  as  a  whole  are  dropped. 

Discussion  Results 

Table  VIII  gives  selected  a0/b0,  Ky0  ,  and  KXo  ordered 
triplets  as  determined  by  equation  (212) .  Also  included  is 
the  integer  value  of  m  which  produces  this  minimum  K„0  . 
Furthermore,  each  entry  point  which  corresponds  to  a 
transition  point  from  the  m  curve  to  the  (m+1)  curve  is 
superscripted  in  the  a0/b0  column  with  a  star  (*). 

The  statistics  presented  in  Table  VIII  expose  two 
important  characteristics  of  laminates  under  compression  or 
tension  in  the  y0-direction.  First,  the  transition  values  of 
a0/b0  increase  as  Kyo  becomes  algebraically  larger  (or  less 
tensile).  This  trend  is  most  pronounced  for  the  initial 
transition  points,  and  its  effect  diminishes  as  a  0  /b 
approaches  a  large  number.  Second,  irrespective  of  the 
magnitude  of  Ky  .  K.  attains  a  limiting  value  of  3.125  as 


a0/b0  approaches  infinity. 

Figure  .  16  represents  a  plot  of  KXo  versus  a0/b0  for 
eleven  distinct  values  of  Ktf  .  The  lowest  curve 

characterizes  Kyo ■  5.0  ;  whereas,  the  highest  depicts 

Ky<}  =  -5.0  The  nine  other  curves  differ  from  each  other  by 
increments  of  one.  This  graph  reinforces  the  concept  that  K„0 
for  a  constant  Kyo  is  determined  not  by  one  continuous  curve 
but  by  the  lowest  values  of  an  infinite  number  of 

intersecting  curves.  In  addition,  the  merging  of  all  curves 
to  a  limiting  value  of  KXo  =  3.125  for  a0/b0  large  is 

readily  apparent. 

Figure  17  plots  in  three  dimensions  the  same  information 
as  Figure  16.  Qualitatively,  this  sketch  expresses  the 

nature  of  the  buckling  surface  better  than  does  Figure  16; 
however,  the  quantitative  aspect  of  Figure  17  is  not  as 

appealing.  Computer-generated  plots  are  skewed  by  the  angle 
at  which  the  "artist”  draws  the  sketch.  Consequently, 
extraction  of  accurate  data  from  the  three-dimensional  plot 
is  virtually  impossible. 

Table  IX  gives  selected  coordinates  of  Kyo  and  K„o  for 
three  distinct  values  of  a0/b0 — 1.6,  2.6,  and  4.0  Figures 
18,  19,  and  20  represent  two-dimensional  plots  at  these 

constant  a0/b0  slices  of  1.6,  2.6,  and  4.0,  respectively. 


These  graphs,  very  similar  to  those  obtained  in  the  simply 
supported  oil  all  sides  case,  are  composed  of  very  nearly 
straight  line  segments.  Note  especially  that  kXq  declines  as 
K„  increases  and  that  the  rate  of  decline  of  Kx  for  an 

Ig  O 

increase  in  Kyo  jumps  markedly  for  small  a0/b0. 


TABLE  VIII 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio 
Laminate  Simply  Supported  in  the  x0  -Direction  and 


Supported 

-Direction 

and  Clamped  on 

the  Two  Edges 

Normal 

m 

a0/b0 

Kv 

»0 

Kx 

*o 

1 

0.6000 

-3.0 

7.0176 

1 

0.8714* 

-3.0 

6.5847 

2 

1.4000 

-3.0 

4.1016 

2 

1.7873* 

-3.0 

4.0696 

3 

2.2000 

-3.0 

3.5588 

3 

2.6458* 

-3.0 

3.5713 

4 

3.0000 

-3.0 

3.3686 

4 

3.4795* 

-3.0 

3.3864 

5 

3.8000 

-3.0 

3.2806 

5 

4.3013* 

-3.0 

3.2971 

1 

0.6000 

0.0 

3.6563 

1 

1.1315* 

0.0 

3.9055 

2 

1.4000 

0.0 

3.2366 

2 

1.9598* 

0.0 

3.3847 

3 

2.4000 

0.0 

3.1244 

3 

2.7716* 

0.0 

3.2546 

4 

3.2000 

0.0 

3.1244 

4 

3.5781* 

0.0 

3.2025 

5 

3.8000 

0.0 

3.1409 

5 

4.3822* 

0.0 

3.1765 

1 

1.4000 

3.0 

1.7388 

1 

1.4829* 

3.0 

2.2738 

2 

1.8000 

3.0 

2.3287 

2 

2.1515* 

3.0 

2.8083 

3 

2.4000 

3.0 

2.7337 

3 

2.9042* 

3.0 

2.9641 

4 

3.2000 

3.0 

2.9051 

4 

3.6798* 

3.0 

3.0278 

5 

4.2000 

3,0 

2.9990 

5 

4.4649* 

3.0 

3.0599 

for  a 
Simply 
the  y 
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TABLE  IX 


Kx  Versus  KVo  for  Various  Plate  Aspect  Ratios  for  a  Laminate 
Simply  Supported  in  the  x0 -Direction  and  Simply  Supported  and 
Clamped  in  the  y0 -Direction 


a0/be 


K 


*0 


1.6000 

1.6000 

1.6000 

1.6000 

1.6000 

1.6000 

1.6000 

2.6000 

2.6000 

2.6000 

2.6000 

2.6000 

2.6000 

2.6000 

4.0000 

4.0000 

4.0000 

4.0000 

4.0000 

4.0000 

4.0000 


-5.0 

-3.0 

-1.0 

0.0 

1.0 

3.0 

5.0 

-5.0 

-3.0 

-1.0 

0.0 

1.0 

3.0 

5.0 

-5.0 

-3.0 

-1.0 

0.0 

1.0 

3.0 

5.0 


4.5621 

3.9914 

3.4151 

3.1244 

2.8317 

2.2239 

0.6812 

3.7603 

3.5518 

3.2938 

3.1644 

3.0346 

2.7740 

2.5119 

3.3571 

3.2641 

3.1710 

3.1244 

3.0777 

2.9842 

2.8904 


XO-euCKLlNG  COEFFICIENT  VERSUS  AFFINE  ASPECT  RATIO  FOR  AN  S-C'S’S  LAMINATE 
FOR  VARIOUS  CONSTANT  YQ-BUCKLING  COEFFICIENT  VALUES 


o 


XO-BUCKLING  COEFFICIENT  VERSUS  IO-0UCKLING  COEFFICIENT  AT  A  CONSTANT  RFFINE  R! 

RATIO  OF  1.6  FOR  AN  S-C-S-S  LAMINATE 


FOR  THE  RANGE 


RATIO  OF  2.6  FOR  AN  S-C-S-S  LAMINATE 


can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  Similarly,  if  the  quantity 
likewise  bracketed  in  equation  (138)  cannot  be  positive,  Ky 
can  validly  range  from  a  relatively  large  positive  number  to 
positive  infinity.  The  intersection  of  these  two  domains  is 
then  merely  the  last  quoted  domain.  In  equation  form,  the 
search  for  a  solution  is  limited  by  the  two  inequalities 
expressed  in  equations  (139)  and  (140) .  Furthermore, 
equations  (141)  through  (143)  explicitly  demonstrate  that 
Y (y0 )  must  take  the  form  shown  in  equation  (144).  Note  also 
that  equations  (145)  and  (146)  define  the  variables  in 
equation  (144).  Equations  (228)  through  (231)  once  more 
comprise  the  group  of  boundary  conditions  for  the  Y(y0  ) 
function.  First,  apply  equation  (228)  to  equation  (144)  . 
This  stipulation  fixes  Dm  in  terms  of  Bm  such  that  Dm=  — 
Utilization  of  equation  (229) ,  on  the  other  hand,  yields  a 
relation  between  Cm  and  Am  such  that  Cm=  -(amAm  )Am  So 
equation  (144)  takes  on  the  following  form: 

Y(y0)  =  Am{  sin  (amy0 )  -  [am/vm]  sin(vmy0)  } 

+  Bm{  cos  (amy0  )  -  cos  (vmy0  )  }  (255) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y'(y0)  =  Am{amcos(amy0)  -  am cos  (vmy0  )  } 

-  Bm{amsin(amy0)  -vmsin(Ymy0)  }  (256) 

The  second  derivative  of  Y (y0 )  with  respect  to  y0  is: 

Y"(y0)  *  -  Am{amSin(amy0)  -  °mYm  sin  (vmy0  )  } 

-  Bm{a*COS(amy0)  -  Y*cos(Ymy0)  }  (257) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 


quantity  b4  results  in  the  following  system  of  equations  (the 
second  equation  a  simplification  of  the  first): 

sin2  (Ub0 )  {-  (Ub0 )6  -  3  (Ub0  )4  +  Kio  (nb0/a0  )2  [  (Ub0 )4  +  (Ub0)2]} 
+cos2(Ub0){-(Ub0)6  -  4 (Ub0 )4  +  Kyo  (nb0/a0)2  (Ub0)4  }  =  0  (253) 

Ky0  (nb0/ao)2  { (Ub0)4  +  (ub0)2  sin2  (Ub0) } 

-  (Ub0)4  {3  +  cos2  (Ub0)  +  (Ub0)2}  =  0  (254) 

No  value  of  (Ub0)  greater  than  zero  can  satisfy  equation 
(254).  Therefore,  no  possible  solutions  exist  for  the 

present  boundary  conditions  for 
{ (Ky0  /2m2 )2  +  KXq  (a0/mb0)2  -  1  }  *  0  and  Kyo  >  0 

{(Kyo/2m2)2  +  KXq  (a0/mb0)2  -  1  }  >  0 

For  the  quantity  {(Kyo/2m2)2  +  K„o  (a0/mb0)2  -  1  }  >  0 

equation  (81)  reduces  to  equations  (137)  and  (138).  Each  of 

these  two  equations  determines  two  roots  for  the  unknown 
Y(y0)  function.  Peak  interest  centers  on  the  positive  or 
negative  characters  of  those  quantities  contained  in  the 

curly  brackets  of  equations  (137)  and  (138),  for  these 
aspects  imply  not  only  different  solution  forms  but  different 
domains  of  Kyo  for  valid  solutions.  Three  subcases  must  be 
considered  so  that  a  solution  for  Kx<}  may  be  determined  for 
any  range  of  KVo  . 

kVo  Bang S3  tism  a  Relatively  Lange  Pa.si.ti. ye  Number  ns 
P.aai.tnv.e  infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  Kyo 


Equation  (228)  implies  that  Bm  must  vanish,  and  equation 
(229)  can  be.  satisfied  only  if  Dm  =  -AmU  So  equation  (132) 
takes  on  the  following  form: 

Y(y0)  *  Am{sin  (Uy0 )  -  Uy0cos(Uy0)}  +  C^yoSinfUyo)  (248) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y‘(y0)  *  A(nU2y0  sin  (Uy0 )  +  Cm{sin(Uy0)  +  Uy0cos(Uy0)}  (249) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(y0)  -  Am(U2sin(Uy0)  +  U3y0cos(Uy0) } 

+  Cm{ 2Ucos (Uy0 )  -  U2y0 sin (Uy0 ) }  (250) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 
is: 

Y* ' ' (y0)  =  Am{2U3cos(Uy0)  -  U4yc sin (Uy0 ) } 

+  Cm{-302sin (Uy0 )  -  U3y0 cos (UyQ ) }  (251) 

Substitution  of  equations  (249),  (250),  and  (251)  into 

equations  (230)  and  (231),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Cm .  For  non-trivial  Am  and  Cm,  the 
following  determinental  equation  must  hold: 

sin(0bo)  {U2}  |  sin (Ub0)  {-U2b0} 

+  cos (Ub0 )  {U3b0 }  |  +  cos(Ub0)  { 2U} 

-  -  -  -  -  -  *  0 

sin(0bo)  {-U4b0  sin(Ub0)  {-3U2 

+  Ky<)  (n/a0)2U2b0}  +  Kyo  (n/a0  )2  } 

+  cos(Ub0)  {2U3}  +  cos(Ub0)  {-U3b0 

+  Ky0  (n/a0)2Ub0}  (252) 

Expansion  of  the  determinant  and  multiplication  by  the 


cosh2(Tb0 )  {-(Tb0)6  +  4(Tb0)4  -  Kyo  (nb0/a0  )2  (Tb0  )4  } 

-  sinh2 (Tb0 ).  {- (Tb0)6  +  3(Tb0)4 

+  Kyo  (nb0/a0)2  [  (Tb0)2  -  (Tb0  )4  J  }  =  0  (246) 

(Tbc)4  {  3  +  cosh2 (Tb0)  -  (Tb0)2} 

-  Kyo(nbo/a0)2  {  (Tb0)4  +  (Tb0)2  sinh2(Tb0)  }  =  0  (247) 

No  value  of  (Tb0)  greater  than  zero  can  satisfy  equation 
(247).  Therefore,  no  possible  solutions  exist  for  the 
present  boundary  conditions  for 

{(K„o/2n>2)2  +  KXo  (a0/mb0)2  -  1  }  =  0  and  Kyo  <  0 
Rye*  °- 

For  Ky<j  =  0  equation  (128)  constitutes  the  required 
shape  of  the  unknown  Y(y0)  function.  In  addition,  equations 
(228)  through  (231)  are  the  sets  of  constraints  for  this 
Y(y0)  function.  Moreover,  notice  that  equation  (231)  reduces 
to  Y'"(bo)  =0  in  this  instance  since  Kyo  =  0  Equations 
(228)  and  (229)  imply  that  Am=  Bm=  0  Also,  satisfaction  of 
equation  (231)  necessitates  that  the  constant  Dm  must 
likewise  have  the  null  value.  Finally,  and  in  this  sequence, 
enforcement  of  equation  (230)  reveals  that  Cm  too  must 
vanish.  Thus,  the  function  Y(y0)  is  nothing  more  than  the 
trivial  function  for  Ky<)  =  0  and  shall  be  ignored. 

Ky0  >  0- 

For  Ky0  >  0  equations  (130)  and  (131)  show  that  the 
unknown  function  Y(y0  )  must  fit  the  relation  given  by 
equation  (132).  Equations  (228)  through  (231)  again  comprise 
the  group  of  boundary  conditions  for  the  Y(y0  )  function. 


Y'(y0)  =  ~  A,j2y0  sinh  {Ty0  ) 

+  Cm{  sinh (Ty0 )  +  Ty0cosh(Ty0)  } 
The  second  derivative  of  Y(y0)  with  respect 
Y"(y0)  *  Am{-T2sinh(Ty0  )  -  T3y0  cosh  (Ty0  )  } 

+  Cm{2T  cosh (Ty0 }  +  T2y0  sinh (Ty0 )  } 
Finally,  the  third  derivative  of  Y(y0)  with 


(242) 

to  y0  is: 

(243) 

respect  to  y0 


is: 

Y'"(y0)  ■  Am(-2T3cosh(Ty0 )  -  T4y0sinh(Ty0)  } 

+  Cm{  3T2sinh (Ty0 )  +  T3y0 cosh (Ty0 )  }  (244) 

Substitution  of  equations  (242),  (243),  and  (244)  into 

equations  (230)  and  (231),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Cm .  For  non-trivial  A„,  and  Cm ,  the 
following  deterir  cental  equation  must  hold: 


sinh(Tb0)  { — T  } 

-  cosh(Tbo)  {T3bc } 


sinh(Tbo)  {-T4b0 

~Kyo  (n/a0  )2  T2b0 } 
-  cosh(Tb0)  { 2T3 } 


sinh(Tbc)  {T  b0 } 
+  cosh(Tb0)  { 2T } 


sinh(Tb0)  {3T 
+KVo(n/a0)2  } 

+  cosh(Tb0)  {T3b0 
+Ky0  (n/a0  )2  Tb0} 


=  0 


(245) 


Expansion  of  the  determinant  and  multiplication  by  the 
quantity  bo  results  in  the  following  equations  (the  second 
equation  a  simplification  of  the  first): 


determination  of  minimum  Kx  for  the  combination  of  any  plate 

*o 

aspect  ratio  and  Kyo  greater  than  zero.  In  other  words,  the 
roots  of  equation  (240)  yield  the  smallest  values  of  KXq  for 
any  aD/b0  and  compressive  Kyo  .  Consideration  of  results 
generated  by  equation  (240)  is  postponed  until  all  cases  and 
subcases  have  been  presented  for  the  chosen  set  of  boundary 
conditions. 


{(Kv  /2m2)2  +  K.  (a0/mb0)2  -  1  }  -  0 


f  AIM  /  ~r  »XQ  /  J.  J  —  V 

For  the  quantity  ((Kyo/2m2)2  +  KXq  (a0/mb0)2  -  1  }  *  0 


equation  (81)  simplifies  to  equation  (120) 


Since  the 


character  of  equation  (120)  differs  drastically  with  the 
choice  of  algebraic  sign  of  Kyo  ,  each  possible  range  of  K 
— negative,  zero,  and  positive— will  be  analyzed  as  different 
subcases. 

Kyo  <0. 

For  KVo  <  0  equations  (121)  and  (122)  lead  to  the 
conclusion  that  the  unknown  function  Y(y0)  must  take  the  form 
shown  in  equation  (123).  Equations  (228)  through  (231)  again 
comprise  the  group  of  boundary  conditions  for  the  Y  (y0  ) 
function.  The  enforcement  of  equation  (228)  on  equation 
(123)  dictates  that  Bm  must  vanish.  Application  of  equation 
(229) ,  on  the  other  hand,  gives  the  relation  that  Dm»  -AmT 
Therefore,  equation  (123)  takes  on  the  following  form: 

Y(yc)  «  Am{sinh(Ty0)  -Ty0cosh (Ty0 ) }  +  Cmy0 sinh (Ty0 )  (241) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 


I 


quantity  b*  results  in  the  following  equations  (the  second 

equation  a  simplification  of  the  first): 

sin2  (sb0 )  [e2cb°  {-(sb0)8-  2(cb0)2  (sb0)3-  (cb0)4(sb0) 

+  Ky<)  (nb0/a0)2  (  (cb0)2  (sb0)  +  (sb0)3)} 

+e“2cbo  {-  (sb0)5  -  2  (cb0)2  (sb0)3  -  (cb0)4  (sb0) 

+  KVo  (nb0/a0)2  (  (cb0)2(sb0)  +  (sb0)3)} 

+  {-8 (cb0)2  (sb0)3  -  6  (cb0)4  (sb0)  +  2(sb0)5 
+  4  (cb0 )® / (sb0)  +  Ky<>  (nb0/a0 )2  (4(cb0)4/(sb0) 

+  2 (cb0)2 (sb0 )  -  2 (8b0)3 )  }  ] 

+cos2 (sb0 )  [e2cb°  {-(sb0)5-  2(cb0)2  <sb0)3  -  (cb0)4  (sb0) 

+  Ky0  (nb0/a0)2  (  (cb0)2(sb0)  +  (sb0)3)} 

+e-2cb0  {.(8bo)s.  2 (cb0 )2  (sb0 )3 -  (cb0)4(sb0) 

+  Kyo  (nb0/a0)2  (  (cb0 ) 2  (sb0 )  +  (sbD)3)} 

+  (-12(cb0)2  (sb0)3-  14(cb0)4  (sb0)  +  2(sb0)5 
-  Kyo  (nb0/a0)2  (2(sb0)3 

+  2 (cb0 )2 ( sb0 )  )  }  J  -  0  (239) 

(e2cbo  +  e-2cbo  )  {-(sb0)5-2(cbo)2(sbo)3-  (cb0)4  (sb0) 

+  Kyo  (nb0/a0)2  (  (cb0)2(sb0)  +  (sb0)3)} 

-  {8  (cb0  )  2  (sb0)3  +  6{cb0)4(sb0)  -  2(sb0)5 

+  Kyo  (nb0/a0)2  (2(sb0)3  )  } 

-  cos2  (sb0 )  {4(cb0)2  (sb0)3+  8(cb0)4(sb0)  (240) 

+  Kyc  (nb0/a0)2  (2 (cb0 )2  (sb0)  )  } 

+  sin2  (sb0)  {4{cb0)e/(sb0) 

+  Kyo  (nb0/a0)2  [4(cb0)4/(sb0)  +  2(cb0)2(sb0)  ]  }  -  0 


Equation  (240)  constitutes  the  governing  equation  for 


Y' ' '  (yc )  »  Am{  [  (3c2s  -  s3  )ecy°  +  (s3-  3c2s)e"cy°  ]  cos(sy0) 

+  [(c3-  3cs2)ecy°  +  (c3-  3cs2)e-cy°  ]  sin(sy0)} 

+  Bm{[(c3-  3cs2)ecyo  -  (5c3+  cs2)e"cyo  ]  cos(sy0) 

+  [(s3-  3c2s)ecy°  +  (2(c4/s)  -  3c2s 

-  s3  )e-cy°  ]  sin  (sy0  ) }  (237) 

Substitution  of  equations  (235) ,  (236),  and  (237)  into 
equations  (230)  and  (231),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 


sin(8b0)  {(c2-s2)ecb«  j 

sin(sb0)  {“2csecb° 

+  (s2-c2)e_cbo  } 

-2 (c3/s)e-cb°  } 

+  cos(8b0)  (2cs)  {ecb° 

+cos  ( sb0 )  {  (c2-s2 )  ecb<> 

+e~cbo  } 

+  (3c2+  s2)e~cb°} 

sin(sbo)  { (c-3cs2  )ecb° 

sin(sb  )  { (s3-3c2s)ecb 

+  (c3-3cs2)e_cbo 

+ (2 (c4/s)  -  s3 

+Ky0  (n/ac)2  (cecb° 

-3c2s)e-cb 

+  ce"cb°  ] } 

+Kyo  (n/a0)2  [  (2c2/s 

+  s)e“cb°  -  secb°  ] } 

+  cos(sb0)  {  (3c2s-s3  )  ecb® 

+cos(sb0)  {  (c3-3cs2  )ecb° 

+  (s3-3c2s)e_cb«> 

-  (5c3+cs2  )e-cb° 

+KVo  (n/a0)2  [secb® 

+Ky0  (n/a0  )2  [cecb° 

-  8e_cbo  ] } 

-  ce'cb°  ] } 

(238) 

Expansion  of  the  determinant  and  multiplication 

by  the 

First,  apply  equation  (228)  to  equation  (106).  This 
solution  fixes  Dm  in  terms  of  Bm  such  that  Dm  =  -Bm 
Utilization  of  equation  (229)  on  the  Y(y0)  equation  similarly 
determines  a  value  Cm  in  terms  of  Am  and  Bm. 

sAm  +  cBm  +  sCm  -cDm  »  0  (232) 

But  since  Dm  =  -Bm 

^ m  “  "Am  “  2  Bm(c/s)  (233) 

For  these  values  of  Cm  and  Dm  ,  equation  (106)  takes  on 
the  following  form: 

Y  (y0  >  *  Am(ecy°  -  e'cy°  )  sin  (sy0  )  +  Bm{  (ecyo 

-  e-cy°  )  cos  (sy0 )  -  2  (c/s)  e~cy°  sin(sy0)}  (234) 

The  first  derivative  of  Y  (y0  )  with  respect  to  y0  is 
therefore: 

Y'(y0)  *  Am  { (secy°  -  se~cyo  )  cos(sy0) 

+  (cecy°  +  ce“cyo  )  sin(sy0)} 

+  Bm  { (cecy°  -  ce~cyo  )  cos  (sy0 ) 

+  (-secyo  +  se'cy<>  +  2  (c2/s)e'cy°  )  sin(sy0)}  (235) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 
Y"(y0)  *  Am  {(2csecy°  +  2cse'cyo  )  cos(sy0) 

+  [(c2-  s2  )ecy°  +  (s2-  c2  )e"cy°  ]  sin(sy0)} 

+  Bm  { [  (c2—  82)ecy°  +  (3c2+  s2)e-cy®  ]  cos(sy0) 

+  (-2csecy°  -  2 (c3/s) e_cyo  )  sin(sy0)}  (236) 

The  third  derivative  of  Y(y0)  with  respect  to  y0  is: 


equation  (81)  by  equation  (39).  Equation  (81)  is  now 
analyzed  foe  the  three  possible  algebraic  states — negative, 
zero,  and  positive — of  the  quantity  in  the  square  brackets  of 
equation  (81).  As  explained  in  section  IV,  it  is  of  the 
utmost  importance  to  discuss  possible  solutions  in  precisely 
this  order. 

{  (Kyo/2m2)2  +  Kx<j(a0/mb0)2  -  1  >  <  0 

For  the  quantity  {  (Kyo/2m2)2  +  KXo  (a0/mb0)2  -  1  }  <  0 
equations  (82)  through  (105)  illustrate  that  the  unknown 
function  Y(y0)  must  take  the  form  shown  in  equation  (106). 

Consider  now  the  boundary  conditions,  equations  (225) , 
for  this  case  of  a  laminate  simply  supported  on  one  pair  of 
opposite  sides,  clamped  on  a  third,  and  free  on  the  fourth. 
When  the  chosen  form  of  w,  equation  (77),  is  substituted  into 
the  final  three  lines  of  equations  (225),  the  following  must 
hold: 

Y(0)  sin (mnxo/a0 )  *  0  ;  Y» (0)  sin(mnx0/a0)  *  0  (226) 

Y''(b0)  sin (mnx0 /a0 )  *  0  ; 

(227) 

(Y'"(b0)  +  Kyo  (n/a0)2Y*  (b0)]  sin(mnx0/a0)  -  0 
For  equations  (226)  and  (227)  to  have  meaning  in  the 
general  case,  the  following  conditions  must  hold: 


Y  (0) 

=  0 

(228) 

Y'  (0) 

■  0 

(229) 

Y"(b0) 

-  0 

(230) 

(n/a0)2  Y'  (b0) 

-  0 

(231) 

equation  (11)  ).  The  key  assumption  of  this  investigation  is 
that  D*=  0  and  this  provision  will  continue  to  be  enforced. 
Consequently,  equation  (223)  reduces  to  the  relatively  simple 
result: 

w'»oyoy0  +  Ky0  ^n/ao )2  w*y0  *  ®  (224) 

Equation  (224)  is  the  most  convenient  means  to  express 
the  second  boundary  condition  for  a  free  edge  normal  to  the 
y„ -direction. 

As  a  recap  and  in  equation  form,  the  following  are  the 
boundary  conditions  for  each  of  the  four  edges: 
on  edge  xo=-a0/2  ,  w  *  0  ;  w,x<jXo  “0 

on  edge  xe*  ac/2  ,  w  *  0  ;  w,X{>Xo  ■  0 

on  edge  y0=*  0  ,  w  =  0  ;  w,y<)  *  0  (225) 

on  edge  yD=  b0  ,  w,y<>y<)  «  0  ; 

w,yoyo»o  +  K»o  <"/ao>  w'Vo  “  0 

Note  that  the  origin  of  coordinates  in  the  affine  space 
is  taken  to  be  at  the  center  of  the  clamped  edge  normal  to 
the  y0  -direction.  This  choice  of  origin  location,  in 
general,  allows  maximum  simplicity  in  manipulations  for  a 
lack  of  symmetry  is  present  in  the  boundary  conditions  in  the 
y0 -direction. 

Just  as  before,  a  displacement  function  w  which 
satisfies  the  first  two  stipulations  of  equations  (225)  is 
given  by  equation  (77).  Furthermore,  substitution  of  this 
relation  for  w  into  the  general  buckling  equation  (14) 
produces  equation  (81)  by  arguments  identical  to  those 
presented  in  section  IV.  The  variable  r  is  defined  in 


Note  that  this  boundary  condition  (217)  is  expressed  in 
real  space  coordinates.  No  conversion  to  affine  space  values 
has  yet  been  made.  Qy  can  be  expressed  in  terms  of  the 
moments  My  and  Mxy  defined  in  equation  (2)  (3:326-327). 

Qy  ~  “My»y  —  M  xy ,  y  (218) 

Appropriate  partial  differentiation  of  equation  (2) 
gives  the  following  identities  (for  symmetric,  specially 
orthotropic  laminates) : 

M y,y  =  ~‘Df2^/xxy  ~  ^22w,wy  (219) 

Mxy  ry  —  —2  D66  Wfxxy  (220) 

Replacement  of  terms  in  equation  (217)  by  those 

identities  given  in  equations  (218),  (219),  and  (220)  yields: 
^12^'xxy  ^22  w,yyy  ^  2  DggW,XXy  —  Nyw,y  —  0  (221) 

Now,  transformation  of  these  real  space  coordinates  into 
affine  space  coordinates  by  the  rules  of  equations  (8)  and 
utilization  of  the  definition  given  by  equation  (13)  reshapes 
equation  (221)  in  the  following  way: 

[D12  /  (A  B )  ]  W rxoxoy0  +  [D22/(B  )]  W,yoVoyo 

+  [2  D66  / (A2B)  ]  w,XoXoyo  +  [D222/BJ  Kyo  (n/a0)2  w,yo  *  0  (222) 

The  constants  A  and  B  were  defined  in  the  first  section 

in  terms  of  and  D22  such  that  A  =  D1^ 4  and 
1/4 

B  -  D22  Application  of  these  bits  of  information  and 

1/4 

division  of  both  sides  of  equation  (222)  by  D22 /2  gives: 
[2(D12  +  2  D66)/(Dl1  D22)  ]  wrx0x0y0 

+  2  w*y0y0y0  +  2  Kyo  (n/a0)  w,yQ  =  0  (223) 

Recognize  that  the  coefficient  of  the  first  term  on  the 
left-hand  side  of  equation  (223)  is  merely  D*  (defined  in 


VI.  Flat 


Rectangular 


Composite  Laminate  Simply  supported  in 


tea  Xp-Diiection  and  Clamped  and  Free  nn  ike  Xus  Edges 


Udxmal  te  tea  y  0  -Pinectiap 


The  boundary  conditions  for  a  laminate  simply  supported 
in  the  xc -direction  and  clamped  and  free  on  the  two  edges 
perpendicular  to  the  y0  -direction  again  display  no  symmetry 
in  the  y0 -direction.  For  the  two  edges  which  have  normals 
parallel  to  the  x0-axis,  the  vertical  displacement  along  each 
edge  and  the  normal  component  of  the  moment  to  each  edge  must 
vanish  in  the  affine  space.  For  the  clamped  edge  normal  to 
the  y0 -direction,  the  vertical  displacement  and  the  slope  of 
the  vertical  displacement  with  respect  to  y0  must  each  equal 
zero.  For  the  free  edge  normal  to  the  yQ  -direction,  a 
moment's  reflection  allows  one  to  formulate  the  appropriate 
boundary  conditions. 

First,  like  the  simply  supported  edge,  the  normal 
component  of  the  moment  to  the  free  edge  must  be  zero. 
Second,  the  free  edge  can  support  no  force  on  its  boundary, 
so  the  summation  of  the  shear  force  and  the  y  -buckling  load 
in  the  direction  of  the  shear  must  equal  zero. 

Qy  -  Ny  w,y  =  0  (217) 

where 

Qy  =  resultant  shear  force  per  unit  length 

Ny  =  normal  force  per  unit  length  in  the  y-direction 
positive  in  tension 


FIGURE  20 

xo-buckling  coefficient  versus  to-buckling  coefficient  at  a  constant  affine  rspect 

RATIO  OF  1.0  FOR  AN  S-C-S-S  LAMINATE 


is: 


V'tYo)  -  -  A  { am  COS(amy0)  -amVm  COS(ymy0)  } 

+  B  {amsin(amy0)  -  vm  sin  (vmy0 )  }  (258) 

Substitution  of  equations  (256) ,  (257) ,  and  (258)  into 

equations  (230)  and  (231)/  along  with  basic  algebraic 
manipulation/  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bmr  the 
following  determinental  equation  must  hold: 

sin  (amb0 )  {-a*}  |  cos(amb0)  (-i 

+  sin(vmb0)  {amvm}  |  +  cos(Ymb0)  {yJ,  } 

- - -  -  -  -  _  0 

COS(ambo)  {-»m  |  sin  (amb0 )  {a2 

+  Kyo  (n/aQ  fam  }  -  Ky0  (n/a0)2  am} 

+  cos (ymb0 )  {amYm  +  sin(ymb0)  (-Ym 

-  Kyo  (n/a0)2am}  |  +  Kyo  (n/a0)2Ym  }  (259) 

Expansion  of  the  determinant/  division  by  the  common 
multiple  am,  and  multiplication  by  the  quantity  bo  gives: 

(°mb0)  (Ymb0)  sin(amb0)  sin(Ymb0)  {  (Ymb0)2  +  («mb0)2 
-  2Kyo  (nb0/a0)2  }  +  cos^bo)  cos(Ymb0)  {2  (amb0  )2  (Ymb0  )2 
“  Ky  o  (nb0/a0 )  [  (ambo)  +  (Y(nb0)  ]}  -  (amb0)  —  (vmb0 ) 

+  KVo  (nb0/a0)2  [  (amb0)2  +  (Ymb0)2]  -  0  (260) 

Attempts  at  solution  of  equation  (260)  for  any 
combination  of  a0/b0  and  Kyg  do  not  yield  the  smallest  values 
of  K„0 .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  are  abandoned. 
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Ky0  Ranges  frgffi  5  Relatively  Large  Negative  Number  a. 
\0  Relatively  Large  Positive  Number* 

If  the  quantity  contained  in  the  cucly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zeror  Ky<j 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  On  the  other  hand,  if  the 
quantity  bracketed  in  equation  (138)  must  be  positive,  KVo 
can  validly  range  from  a  relatively  large  positive  number  to 
negative  infinity.  The  intersection  of  these  two  domains 
dictates  that  KVo  range  from  a  relatively  large  negative 
number  to  a  relatively  large  positive  value.  In  equation 
form,  the  search  for  a  solution  is  limited  by  the  three 
inequalities  expressed  in  equations  (156),  (157),  and  (158). 
|j  Furthermore,  equations  (159),  (160),  and  (161)  reveal  that 

Y(y0)  must  take  the  form  shown  in  equation  (162).  As  usual, 
equations  (228)  through  (231)  make  up  the  set  of  boundary 
conditions  for  the  Y (y0  ;  function.  First,  apply  equation 
(228)  to  equation  (162).  This  relation  fixes  Dm  in  terms  of 
Bm  such  that  Dm-  -Bm  Utilization  of  equation  (229),  on  the 
other  hand,  yields  a  relation  between  Cm  and  Am  such  that 
Cm  =  -(am/Pm)Am  So  equation  (162)  takes  on  the  following 
form: 

*(Yo)  =  Am{sin(amy0)  -  (am/pm)  sinh  (pmy0 )  } 

+  Bm{cos  (a(T)y0  )  -  cosh (pmy0  ) }  (261) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y'(y0)  -  Am{amcos(amy0  )  - am  cosh ( pmy0  )  } 

-  Bm{am  sin  (amy0 )  +pmsinh(amy0)  }  (262) 
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The  second  derivative  of  Y (y0 )  with  respect  to  y0  is: 

Y"(y0)  *  -  Am{a*  Sin(amy0)  +  ampm  sinh (pmy0 )  } 

-  Bm{<4  cos(amy0)  +  p2  cosh(pmy0)  }  (263) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 
is : 

Y'"(y0)  =  -  Am{dJ  cos(amy0)  +  amp2  cosh  (pmy0 )  } 

+  Bffl{am  sin(amy0)  -  Pm  sinh(pmy0)  }  (264) 

Substitution  of  equations  (262),  (263),  and  (264)  into 

equations  (230)  and  (231),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 


sin(amb0)  {am } 

+  sinh (Pmb0 )  {ampm} 


COS  (amba  )  {-am 

+  Ky0  (n/a0 )2 am } 
+  cosh  (pmb0 ) 

“  Kyn  ( n/a0 )  am  } 


COS(amb0)  {  a  m  } 

+  COSh(Pmb0)  (Pm) 


Sin ( )  {am 
“  Ky0  (n/30 )  am) 
+  sinh(Pmb0)  {-Pm 
-  Ky  (n/a0)2  Pm} 


(265) 


Expansion  of  the  determinant,  division  by  the  common 
multiple  am  ,  and  multiplication  by  the  quantity  bo  gives: 
(ambo)(Pmb0)  sin (amb0 )  sinh(Pmb0)  {  (amb0)2-  (Pmb0)2 

-  2  Kyo  (nb0/a0 )2  } 

+  (amb0)4+  (Pmb0)4+  KVo  (nb0/a0)2  [  (Pmb0)2-  (amb0  )2  ] 


+  cos  ( amb0 )  cosh  (Pmb0 )  {  2  («>mb0)2  (Pmb0  )2 
+  Kyo  (nb0/a0)2  [  (amb0  )2  -  (Pmbc)2]  }  =  0 


(266) 


Equation  (266)  represents  the  governing  equation  for  the 
combination  of  any  plate  aspect  ratio  and  KVo  less  than  or 
equal  to  zero.  In  other  words,  the  roots  of  equation  (266) 
yield  the  smallest  values  of  KXq  for  any  a0/b0  and  tensile  or 
zero  KVo  .  Consideration  of  results  generated  by  equation 
(266)  is  postponed  until  the  last  of  the  three  subcases  is 
presented. 

Ky<)  Ranges  fra m  a  Relatively  Large  Me.ga.tl ye  Humber  is 
negative  infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  be  greater  than  zero,  K, 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  negative  infinity.  Furthermore,  this  stipulation 
of  positivism  in  equation  (137)  ensures  that  the  bracketed 
quantity  in  equation  (138)  will  be  similarly  greater  than 
zero.  In  equation  form,  the  search  for  a  solution  is  limited 
by  the  two  inequalities  expressed  in  equations  (170)  and 
(171).  Furthermore,  equations  (172),  (173),  and  (174) 

sequentially  illustrate  that  Y(y0)  must  take  the  form  shown 
in  equation  (175) .  Note  also  that  equations  (228)  through 
(231)  again  comprise  the  group  of  boundary  conditions  for  the 
Y(y0  )  function.  First,  apply  equation  (228)  to  equation 
(175).  This  combination  fixes  Dm  in  terms  of  Bm  such  that 
Dm=  -Bm  Utilization  of  equation  (229),  on  the  other  hand, 
yields  a  relation  between  Cm  and  Am  such  that 
Cmm  -(em/pm)Am  So  equation  (175)  takes  on  the  following 


i  s 


Y(y0)  “  sinMe^)  -  (Pm/Pm)  sinh(Pmy0)  } 

+  Bm{  cosh  (emy0  )  -  cosh  (Pmy0  )  }  (267) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y •  (y0 )  -  Am{emcosh(emy0)  -  em  cosh(pmy0 )  } 

+  Bm{emsinh(»my0  )  -  Pm  sinh  (Pmy0  )  }  (268) 

The  second  derivative  of  Y (y0 )  with  respect  to  y0  is: 
Y"(Yo)  -  Am{e2sinh(emy0  )  -  emPm  sinh(pmy0)  } 

+  Bm{e2cosh(emy0)  -  pJ,cosh(pmy0)  }  (269) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 


a  o 


Y'"(yo)  *  Am{  e^cosh  (emy0  )  -  em  Pm  cosh(pmy0)  } 
+  Bm{e*sinh(emy0)  -  0j,sinh{pmyo )  } 


(270) 


Substitution  of  equations  (268) ,  (269) ,  and  (270)  into 

equations  (230)  and  (231),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 


L*  . 

h  „ 

sinh (emb0)  {e„}  | 

COSh  (8mb0)  { Bm ) 

L‘" 

» 

+  sinh (Pmb0 )  {- ®mPm} 

+  cosh  (Pmb0  )  {-p£} 

cosh(emb0)  {®m 

3 

sinh(flmb0)  {Pm 

» 

+  Kyo  (n/a0)2em } 

+  Ky0  (n/a0)2  em} 

+  cosh  (pmb0) 

+  sinh(Pmb0)  {-Pm 

•*- 

-  Ky0  (n/a0)2  em} 

-  Ky<)  (n/a0)2  Pm} 

-  Kyo  (n/a0)2  em}  |  -  KVo  (n/a0)  Pm}  |  (271) 

Expansion  of  the  determinant,  division  by  the  common 
multiple  em,  and  multiplication  by  the  quantity  (-b*  )  gives: 


-111 


(embo)Umbo)  sinh(emb0)  sinh(emb0)  {  (emb0)2+  (»mbo)2 
+  2  Kyo  (nb0/a0)2}  +  (emb0)4  +  (Pmb0)4  +  Ky<)  (nb0/a0)2  [  (emb0)2 
+  (Pmbo)2J  -  cosh(»mb0)  cosh(8mb0)  {  2  (emb0)2  Ombo)2 

+  Kyo  (nb0/a0)2  l  (emb0  )2  +  (3mb0)2]  }  -  0  (272) 

Attempts  at  solution  of  equation  (272)  for  any 
combination  of  a0/b0  and  Kyo  do  not  yield  the  smallest  values 
of  K„o .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  as  a  whole  are  abandoned. 

Hiac.usfilon  al  Results 

Table  X  gives  selected  a0  /b0  ,  KVo  ,  and  KXq  ordered 

triplets  as  determined  by  equation  (240).  Note  that  the 
results  generated  by  equation  (240)  are  given — and  indeed  are 
only  valid— for  compressive  or  positive  Kyo  .  These  numbers 
and  plots  based  upon  this  data  reveal  two  very  important 
aspects  of  the  buckling  characteristics  of  a  laminate 
supporterd  by  this  relatively  weak  set  of  boundary 
conditions.  First,  all  values  of  minimum  KXo  for  any 

combination  of  a0/bo  and  compressive  Ky<>  are  achieved  when 
m  »  1  is  utilized  in  the  terms  which  compose  equation  (240). 
More  broadly,  K„o  plotted  versus  a0/b0  for  any  constant 
compressive  KVo  results  in  just  one  continuous  curve.  There 
are  no  transition  points  to  another  curve. 

Second,  curves  of  Kx  versus  a  0  /b0  for  constant 
compressive  Kyo  lie  well  below  the  zero  ordinate  for  small 
and  intermediate  aspect  ratios.  However,  these  curves 
continuously  trend  upward  as  a0/b0  increases.  Indeed,  as 


a0/b0  reaches  a  certain  level,  the  proper  K„o  value  lies  just 
slightly  and  almost  indistinguishably  below  the  value 
characterizing  the  boundary  curve 

{(Kyo/2m2)2  +  K*o  (a0/mb0)2  -  1  }  ■  0  Since  m  «1  in  all 
cases  for  positive  KVo  ,  this  boundary  value  of  Kx<)  is  given 
by : 

KXo  -  (b0/a„)2  {  1  -  (Kyo/2)  }2  (273) 

For  example,  virtually  the  last  a0/b0  and  corresponding 
kXq  coordinate  which  can  be  determined  for  Ky<>  =  3.00  are 
a0/b0  *  4.011  and  KXq  ■  -0.0777436  The  boundary  value  of  K„o 
for  the  noted  y0 -buckling  coefficient  and  plate  aspect  ratio 
is,  by  equation  (273),  -0.0776971  Figure  21  is  a  plot  of 

just  this  asymptotic  approach  of  K„0  toward  the  boundary 

value  of  KXq  given  by  equation  (273)  for  constant  Ky0 “  3.00 
Note  that  as  Ky<)  increases,  the  value  of  a0/b0  at  which 
the  KXq  versus  ao/b0  plot  becomes  almost  one  with  the  curve 
defined  by  equation  (273)  is  delayed.  However,  this  merging 
is  only  postponed;  it  is  never  averted.  As  a  result,  as  a0/b0 
becomes  very  large  the  limiting  value  of  KXq  for  any  positive 
Ky0  approaches  zero  (  the  limiting  value  of  equation  (273)  ). 

Table  XI  gives  selected  a0/b„  ,  KYo  ,  and  Kx<)  ordered 

triplets  as  determined  by  equation  (266).  Note  that  the 
results  generated  by  equation  (266)  are  given  and  are  only 
valid  for  negative  or  zero  KVo .  Also  included  is  the  integer 
value  of  m  which  produces  this  minimum  KXo  .  Furthermore, 
each  entry  point  which  corresponds  to  a  transition  point  from 
the  m  curve  to  the  (m+1)  curve  is  superscripted  in  the  a0/b0 


column  with  a  star  (*).  Especially  be  aware  that 
discontinuous  curves  as  opposed  to  the  continuous  curves  as 
discussed  above  depict  KXo  versus  a0/b0  plots  for  tensile 
KVo  .  The  statistics  presented  in  Table  XI  expose  two  key 
characteristics  of  laminates  under  tension  in  the 
y0-direction. 

First,  the  transition  values  of  a0  /b„  increase  as  K, 
becomes  algebraically  larger  (  or  less  tensile).  For  this 
weak  set  of  boundary  conditions,  however,  transitions  occur 
after  longer  intervals  of  aspect  ratio  than  for  those 
stronger  groups  discussed  in  prior  sections. 

Second,  irrespective  of  the  negative  (  or  zero) 
magnitude  of  Ky<j  ,  KXq  attains  a  limiting  value  of  0.7125  as 
a0/b0  approaches  infinity.  This  is  a  different  asymptotic 
value  than  that  rendered  by  positive  yc  -buckling 
coefficients. 

Figure  22  represents  a  plot  of  KXq  versus  aQ  /bQ  for 
twelve  distinct  values  of  Ky<)  .  The  lowest  curve 
characterizes  Kyo =  3.0  ;  whereas,  the  highest  depicts 

Ky<)  *  -5.0  In  ascending  order  the  magnitudes  of  the 
y0 -buckling  coefficients  which  correspond  to  these  remaining 
curves  ares  2.5,  2.0,  1.5,  1.0,  0.5,  0.0,  —1.0,  —2.0,  —3.0, 
and  -4.0  This  graph  reinforces  the  concepts  that  KXq  for  a 
compressive  KVo  is  determined  by  one  continuous  curve  and 
that  KXo  for  a  tensile  or  zero  Kyo  is  rendered  by  the  lowest 
ordinates  of  an  infinite  number  of  intersecting  curves.  In 
addition,  the  merging  of  the  family  of  curves  to  two  separate 


asymptotes  is  readily  apparent. 

Figure  23  plots  in  three  dimensions  the  same  information 
as  Figure  22.  Qualitatively,  this  sketch  expresses  the 
nature  of  the  buckling  surface  better  than  does  Figure  22; 
however,  the  quantitative  aspect  of  Figure  23  is  not  as 
appealing.  Computer-generated  plots  are  skewed  by  the  angle 
at  which  the  "artist”  draws  the  sketch.  Consequently, 
extraction  of  accurate  data  from  the  three-dimensional  plot 
is  virtually  impossible. 

Table  XII  gives  selected  coordinates  of  KVo  and  K„o  for 
three  distinct  values  of  a0/b0 — 1.0,  2.2,  and  5.4  Figures 
24,  25,  and  26  represent  two-dimensional  plots  at  these 

constant  a0 /bQ  slices  of  1.0,  2.2,  and  5.4,  respectively. 
Because  the  data  for  each  of  the  curves  are  derived  from  two 
completely  different  equations  (  (240)  for  Kyo  positive; 

(266)  for  Ky<}  zero  or  negative),  a  mild  variance  in  slope  in 
the  vicinity  of  KVo  *  0.0  is  observed  for  a0/bQ=  1.0  and 
increasingly  larger  variances  for  a0/b0=  2.2  and 
a0/b0  3  5.4  These  more  distinct  breaks  typify  the  wide 

variance  at  relatively  large  aspect  ratios  between  the 
xG-buckling  coefficient  corresponding  to  negative  KVo  and  the 
K„o  due  to  positive  Kyo . 


TABLE  X 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0-Direction  and  Clamped  and 
Free  on  the  Two  Edges  Normal  to  the  y0 -Direction 


(for  Ky0 

greater  than  zero) 

m 

a0/b0 

KVo 

K*o 

1 

0.6000 

1.5 

-3.4700 

1 

1.0000 

1.5 

-1.2983 

1 

1.4000 

1.5 

-0.8198 

1 

1.8000 

1.5 

-0.5835 

1 

2.2000 

1.5 

-0.3604 

1 

2.6000 

1.5 

-0.1102 

1 

1.0000 

2.0 

-3.0112 

1 

1.4000 

2.0 

-1.7026 

1 

1.8000 

2.0 

-1.1978 

1 

2.2000 

2.0 

-0.8624 

1 

2.6000 

2.0 

-0.5549 

1 

3.0000 

2.0 

-0.2351 

1 

1.0000 

2.5 

-5.2431 

1 

1.4000 

2.5 

-2.8129 

1 

1.8000 

2.5 

-1.9217 

1 

2.2000 

2.5 

-1.4272 

1 

2.6000 

2.5 

-1.0403 

1 

3.0000 

2.5 

-0.6750 

1 

3.4000 

2.5 

-0.2997 

TABLE  XI 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0 -Direction  and  Clamped 
and  Free  on  the  Two  Edges  Normal  to  the  y0 -Direction 
(for  Kyo  less  than  or  equal  to  zero) 


m 

a0/b0 

K>o 

K*o 

1 

0.6000 

-5.0 

4.2933 

1 

1.0000 

-5.0 

2.7468 

1 

1.4092* 

-5.0 

2.5178 

2 

2.0000 

-5.0 

1.6088 

2 

2.6000 

-5.0 

1.3175 

2 

3.2294* 

-5.0 

1.2465 

3 

3.8000 

-5.0 

1.0691 

3 

4.4000 

-5.0 

0.9843 

3 

5.0962* 

-5.0 

0.9626 

1 

0.6000 

-2.0 

3.4638 

1 

1.2000 

-2.0 

1.6382 

1 

1.7951* 

-2.0 

1.5516 

2 

2.4000 

-2.0 

1.0951 

2 

3.0000 

-2.0 

0.9534 

2 

3.6930* 

-2.0 

0.9532 

3 

4.2000 

-2.0 

0.8607 

3 

4.8000 

-2.0 

0.8179 

3 

5.4000 

-2.0 

0.8227 

1 

0.6000 

0.0 

2.8235 

1 

1.2000 

0.0 

0.8772 

1 

1.8000 

0.0 

0.7198 

1 

2.3694* 

0.0 

0.8906 

2 

3.0000 

0.0 

0.7300 

2 

3.6000 

0.0 

0.7198 

2 

4.1039* 

0.0 

0.7719 

3 

4.8000 

0.0 

0.7155 

3 

5.4000 

0.0 

0.7198 

TABLE  XII 


K*0  Versus  Kyo  for  Various  Plate  Aspect  Ratios  for  a  Laminate 
Simply  Supported  in  the  x0 -Direction  and  Clamped  and  Free  on 
the  Two  Edges  Normal  to  the  y0 -Direction 


m 

a0/b0 

KVo 

K*o 

1 

1.0000 

-5.0 

2.7468 

1 

1.0000 

-3.0 

2.1608 

1 

1.0000 

-1.0 

1.5228 

1 

1.0000 

0.5 

0.6820 

1 

1.0000 

1.0 

-0.0888 

1 

1.0000 

1.5 

-1.2983 

1 

1.0000 

2.0 

-3.0112 

1 

1.0000 

2.5 

-5.2431 

2 

2.2000 

-5.0 

1.4730 

2 

2.2000 

-3.0 

1.2922 

2 

2.2000 

-1.0 

1.0921 

1 

2.2000 

1.0 

0.0841 

1 

2.2000 

1.5 

-0.3604 

1 

2.2000 

2.0 

-0.8624 

1 

2.2000 

2.5 

-1.4272 

1 

2.2000 

3.0 

-2.0602 

4 

5.4000 

-5.0 

0.9212 

4 

5.4000 

-3.0 

0.8661 

3 

5.4000 

-1.0 

0.7717 

1 

5.4000 

0.5 

0.0321 

1 

5.4000 

1.0 

0.0257 

1 

5.4000 

2.0 

0.0000 

1 

5.4000 

2.5 

-0.0193 

1 

5.4000 

3.0 

-0.0429 

APPROACH  OF  XO -BUCK LING  COEFFICIENT  TO  BOUNDARY  CURVE  FOR  AN  S-C-5-F  LAMINATE 


FOR  THE  RRNGE 
KYO  -  -5.0  TO  +3.0 
12  CURVES,  TOP  6  VRRY 
BY  KYO  INCREMENT  OF  1.0 


FOR  VARIOUS  CONSTANT  YQ-0UCKLIN6  COEFFICIENT  VALUES 


Expansion  of  the  determinant  and  multiplication  by  the 
quantity  bo  results  in  the  following  system  of  equations  (the 
second  equation  a  simplification  of  the  first) s 
sin2 (Ub0)  {- (Ub0 )5  +  Ky<>  (nbo/a0)2  (Ub0)3  } 

+  sin(Ubo)  cos (Ub0 )  {  (Ub0)4  +  Kyo  (nb0/a0)2  (Ub0)2  } 

+  cos  (Ub0)  { —  ( Ub o )5  +  Ky<j  (nb0/a0)2  (Ub0)3  }  =  0  (304) 

sin(Ub0)  cos(Ub0)  {  (Ub0)4  +  Kyo  (nb0/a0)2  (Ub0)2  } 

-  (Ubc)5  +  Kyo  (nb0/a0)2  (Ubc)3  =  0  (305) 

No  value  of  (UbQ)  greater  than  zero  can  satisfy  equation 
(305) .  Therefore,  no  possible  solutions  exist  for  the 

present  boundary  conditions  for 

{(Kyo/2m2)2  +  K„o  (a0/mb0)2  -  1  }  *  0  and  Ky<)  >  0 

{(Kyo/2m2)2  +  KXo(a0/mb0)2  -  1  }  >  0 

For  the  quantity  {  (Kyo  /2m2)2  +  KXq  (a0/mb0)2  -  1  }  >  0 

equation  (81)  reduces  to  equations  (137)  and  (138).  Each  of 

these  two  equations  determines  two  roots  for  the  unknown 
Y(y0)  function.  Peak  interest  centers  on  the  positive  or 
negative  characters  of  those  quantities  contained  in  the 

curly  brackets  of  equations  (137)  and  (138),  for  these 
aspects  imply  not  only  different  solution  forms  but  different 
domains  of  Kyo  for  valid  solutions.  Three  subcases  must  be 
considered  so  that  a  solution  for  KXq  may  be  determined  for 
any  range  of  Kio  . 


function.  The  enforcement  of  equation  (277)  on  equation 
(132)  dictates  that  Bm  must  vanish.  In  addition,  application 
of  equation  (278)  leads  one  to  the  conclusion  that  Cm  is 
zero.  So  equation  (132)  takes  on  the  following  form: 

Y  (y0 )  *  Amsin (Uy0 )  +  Dmy0cos(Uy0  )  (299) 

The  first  derivative  of  Y (y„ )  with  respect  to  y0  is: 
Y'(y0)  =  AmU  cos  (Uy0 )  +  Dm{cos  (Uy0 )  -  Uy0sin(Uy0)  }  (300) 

The  second  derivative  of  Y (y0 )  with  respect  to  y0  is: 

Y"  (y0  )  -  -AmU2sin(Uy0)  +  Dm{-2U  sin  (Uy0  ) 

-  U2y0  cos  (Uy0  )  }  (301) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 

is: 

Y'"(y0)  =  “AmU3cos  (Uy0  )  +  Dm{-3U2cos  (Uy0  ) 

+  U3y0  sin (Uy0 )  }  (302) 

Substitution  of  equations  (300),  (301),  and  (302)  into 

equations  (279)  and  (280),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Dm .  For  non-trivial  Am  and  Dm ,  the 
following  determinental  equation  must  hold: 


sin (Ub0 )  {-u2} 


cos(Ub0)  {-U3 
♦  K,o  (n/a0)2u  } 


sin(Ubo)  {-2U } 

+  cos (Ub0 )  {-U2b0  } 


sin(Ub0)  {U3b0 
-  Ky0  (n/a0)2Ub0} 
+  cos (Ub0 )  {-3U2 
+  Kyo  (n/a0)2  } 


(303) 


For  Ky<)  =  0  equation  (128)  constitutes  the  required 
shape  of  the  unknown  Y (y0 )  function.  In  addition,  equations 
(277)  through  (280)  are  the  sets  of  constraints  for  this 
Y (y0 )  function.  Moreover,  notice  that  equation  (280)  reduces 
to  Y' ' '  (b0)  *  0  in  this  instance  since  Ky„  =  0  Equations 
(277)  and  (278)  imply  that  Am  =  Cm  =  0  Equation  (280) 
similarly  necessitates  that  Dm  vanish.  After  the  imposition 
of  these  three  conditions,  equation  (128)  reduces  to: 

*(Yo>  =  Bmy0  (297) 

Equation  (279)  is  identically  satisfied  for  this  Y(y0) 
given  by  equation  (297).  All  boundary  conditions,  equations 
(277)  through  (280),  are  therefore  upheld  by  this  Y(y0  ) 
expressed  in  equation  (297).  As  a  result,  if  Ky0 ®  0  , 

{ (Ky o /2m2 )2  +  KXq  (a0/mb0)2  -  1  }  *  0  is  a  valid  solution. 
Rearrangement  of  this  relation  gives: 

KXo=  (  m  /  (a0/b0 )  ]2  (298) 

When  m  is  set  equal  to  unity,  equation  (298)  constitutes 
the  minimum  KXo  for  any  plate  aspect  ratio  and  KVo  =  0 
Consideration  of  results  generated  by  equation  (298)  is 
postponed  until  all  cases  and  subcases  have  been  presented 
for  the  chosen  set  of  boundary  conditions. 

Ky0  >  0. 

For  Ky<)  >  0  equations  (130)  and  (131)  show  that  the 
unknown  function  Y (y 0  )  must  fit  the  relation  given  by 
equation  (132).  Equations  (277)  through  (280)  once  more 
comprise  the  group  of  boundary  conditions  for  the  Y(y0  ) 


equations  (279)  and  (280),  along  with  basic  algebraic 
manipulation,  yield  two  homogeneous  linear  equations  in 
coefficients  Am  and  Dm .  For  non-trivial  Am  and  Dmf  the 
following  determinental  equation  must  hold: 

sinh(Tb0)  {T2}  |  sinh(Tb0)  {2T} 

|  +  cosh(Tb0)  {T2b0 } 

-  -  -  -  -  -  =  0 

cosh(Tb0)  {T3  |  sinh(Tb0)  (T3b0 

+  Kyo  (n/a0  )2  T  }  +  Ky0  (n /a  o  )2  Tb0  } 

+  cosh (Tb0 )  { 3T2 

+  Ky0(n/a0)2  }  (294) 

Expansion  of  the  determinant  and  multiplication  by  the 
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quantity  b0  results  in  the  following  equations  (  the  second 
equation  a  simplification  of  the  first): 

sinh2  (Tb„)  {  (Tb0 )5  +  Kyo  (nb0/a0)2  (Tb0  )3  } 

+  sinh(Tb0)  cosh  (Tb0)  {  (Tb0)4-  Kyo  (nb0/ao)2  (Tb0)2  } 

-  cosh2(Tb0)  {  (Tb0)5  +  Kyo  (nb0/a0)2  (Tb0)3  }  =  0  (295) 

sinh(Tb0)  cosh (Tb0 )  {  (Tb0 )4  -  Kyo  (nb0/a0)2  (Tb0 )2  } 

-  (Tb0)5  -  Kyo  (nb0/a0)2  (Tb0)3  =  0  (296) 

No  value  of  Tb0  greater  than  zero  can  satisfy  equation 
(296).  Therefore,  no  possible  solutions  exist  for  the 
present  boundary  conditions  for 


For  the  quantity  {(Ky<J/2m2)2  +  KXo  (a0 /mb0  )2  -1  }  =  0 
equation  (81)  simplifies  to  equation  (120).  Since  the 
character  of  equation  (120)  differs  drastically  for  the 
choice  of  algebraic  sign  of  KYo  ,  each  possible  range  of  KVo 
— negative,  zero,  and  positive — will  be  analyzed  as  different 
subcases. 

Ky0<°- 

For  Kyo  <  0  equations  (121)  and  (122)  lead  to  the 
conclusion  that  the  unknown  function  Y(y0)  must  take  the  form 
shown  in  equation  (123).  Equations  (277)  through  (280)  again 
comprise  the  group  of  boundary  conditions  for  the  Y(y0  ) 
function.  The  enforcement  of  equation  (277)  on  equation 
(123)  dictates  that  Bm  must  vanish.  In  addition,  application 
of  equation  (278)  leads  one  to  the  conclusion  that  Cm  is 
zero.  So  equation  (123)  takes  on  the  following  form: 

Y(y0)  »  AmSinh (Ty0 )  +  Dmy0 cosh (Ty0 )  (290) 

The  first  derivative  of  Y(y0)  with  respect  to  yQ  is: 

Y'(y0)  *  AmTcosh(Ty0)  +  Dm{cosh(Ty0 )+Ty0 sinh(Ty0 ) }  (291) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(y0)  -  AmT2sinh  (Ty0 )  +  Dm{  2T  sinh(Ty0) 

+  T2y0  cosh (Ty0 )  }  (292) 

Finally,  the  third  derivative  of  Y  (y0 )  with  respect  to  y0 
is: 

Y' ' ’ (y„)  -  AmT3cosh (Ty0 )  +  Dm{  3T2cosh (Ty0 ) 

+  T3y0 sinh(Ty0 )  }  (293) 

Substitution  of  equations  (291),  (292),  and  (293)  into 


Expansion  of  the  determinant  and  multiplication  by  the 
quantity  bo  results  in  the  following  equations  (  the  second 
equation  a  simplification  of  the  first): 
sin2  (sb0 )  [  e2cb°  {- (cb0  )4  (sb0 )  -  2  (cb0 )2  (sb0 )3  -  (sb0)5 

+  Kyo  (nb0/a0)2  (  (cb0)2  (sb0)  +  (sb0)3)} 

+  e-2cb°  {  (cb0)4(sb0)  +  2  (cb0  )2  (sb0  )3  +  (sb0)5 

-  KVo  (nb0/a0)2  {  (cb0)2(sb0)  +  (sb0)3)}] 
+cosa  (sb0)  [  e2cb°  {-(cb0  )4  (sbo)  -  2  (cb0)2  (sb0)3  -  (sb0)5 

+  Kyo  (nb0/a0)2  (  (cb0)2  (sb0)  +  (sb0)3  ) } 

+  e~2cb°  {  (cb0)4(sb0)  +  2  (cb0) 2  (sb0 )3  +  (sb0)5 

-  Kyo  (nb0/a0)2  (  (cb0 ) 2  (sbo )  +  (sb0)3)}] 

+  sin(sbo)  cos(sbo)  [4  (cb0)5+  4 (cb0 )  (sb0 )4  +  8 (cb0)3  (sb0)2 

+  Kyo  (nb0/a0 )2  {  4  (cb0)3+  4  (cb0)  (sb0)2  }  ]  =  0  (288) 

(e2cb°  -  e-2cb°  )  {-(cb0)4  (sb0)  -2  (cb0 )2  (sb0  )3  -  (sb0)5 
+  Kyo  (nb0/a0)2  [  (cbQ )  2  (sb0)  +  (sb0)3  1  } 

+  4  sin (sb0 )  cos(sb0)  {  (cb0)5+  (cb0)  (sbD)4 
+  2  (cb0)3  (sb0)2  +  Kyo  (nb0/a0)2[  (cb0)3 

+  (cb0 )  (sb0)2]  }  =  0  (289) 

Equation  (289)  constitutes  the  governing  equation  for 
any  plate  aspect  ratio  and  Ky(J  greater  than  zero.  In  other 
words,  the  roots  of  equation  (289)  yield  the  smallest  values 
of  KXo  for  any  a0/b0  and  compressive  KVo  .  Consideration  of 
results  generated  by  equation  (289)  is  postponed  until  all 
cases  and  subcases  have  been  presented  for  the  chosen  set  of 
boundary  conditions. 


Y"(y0)  ■  Am{  (c2-  s2)  sin  (sy0 )  [  ecy°  +  e_cy°  ] 

+  (2cs)  cos(sy0)  [  ecy°  -  e'cy°  ]  } 

+  Bm{  (c2-  s2)  cos (sy0 )  [  ecy°  -  e'cy°  ] 

-  (2cs)  sin(sy0)  [  ecy°  +  e"cy°  ]  }  (285) 

The  third  derivative  of  Y{y0)  with  respect  to  y0  is: 

Y'"(y0)  -  Am{  (3c2s  -  s3)cos(sy0)  [ecy°  +  e"cy°  ] 

+  (c3-  3cs2  )  sin  (sy0  )  [ecy°  -  e-cy°  ]} 

+  Bm{  (s3-  3c2s)sin  (sy0 )  [ecy°  -  e"cy°  ] 

+  (c3-  3cs2  )cos  (sy0)  (ecy°  +  e~cy°  ]}  (286) 

Substitution  of  equations  (284) ,  (285) ,  and  (286)  into 

equations  (279)  and  (280),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 


sin(sbQ)[(  c2-  s2)(ecb° 

sin (sbc) [ (-2cs)  (ecb° 

*[*.**•. 

+  e"cb°  )] 

+  e'cb°  )] 

+  cos (sb0 ) [ (2cs) (ecb° 

+  cos (sb0) [ (c2-  s2) (ecb° 

*  Z-t~* 

-  e~cb°  )] 

-  e"cb°  )] 

;;-S 

=  0 

sin (sbG ) t (c3  —  3cs2 

sin  (sb0 ) [ (s3-  3c2s 

y  y 

+  Kyo  (n/a0)2  c)  {ecb° 

-  Kyo  (n/a0)2  s)  {ecb° 

-  e-cbo  }  ] 

-  e_cb°  }  ] 

•  ■■ 

+  cos  (sb0 ) [ (3c2s  -  s3 

+  cos (sb0) [ (c3-  3cs2 

+  Ky<)  (n/a0  )2  s)  {ecb° 

+  Ky0  (n/a0  )2  c)  {ecb° 

+  e_cb°  }  ] 

+  e-cb°  }  ] 

(287)  ;S'S 

— - -c-. 

.  s 
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For  equations  (275)  and  (276)  to  have  meaning  in  the 
general  case,  the  following  conditions  must  hold: 


Y(0) 

«  0 

(277) 

Y' 1  (0) 

=  0 

(278) 

Y”  (b0) 

*  0 

(279) 

Y"'  (b0)  +  Kyo  (n/a0)2  Y1  (b0) 

=  0 

(280) 

First,  apply  equation  (277)  to  equation  (106).  This 
stipulation  fixes  Dm  in  terms  of  Bm  such  that  Dm  ■  -Bm 
Utilization  of  equation  (278)  on  the  Y(y0)  equation  similarly 
determines  a  value  Cm  in  terms  of  Am. 

Am(2cs)  +  Bm(c2-  s2)  -  Cm(2cs)  +  Dm (  c2-  s2  )  =  0  (281) 

But  since  Dm  =  -Bm, 

Cm=  Am(2cs)/(2cs)  =  Am  (282) 

For  these  values  of  Cm  and  Dm,  equation  (106)  takes  on 
the  following  form: 

Y(y0)  -  Am{  sin  (sy0 )  (  ecy°  +  e'cy°  )  } 

+  Bm{  cos  (sy0 )  (  ecy°  -  e"cy°  }  }  (283) 

The  first  derivative  of  Y(y0  )  with  respect  to  y0  is 
therefore: 

Y'(y0)  =  Am{  cos(sy0)  (secy°  +  se~cy°  ) 

+  sin(sy0)  (cecy°  -  ce_cy°  )  } 

+  Bm{  sin(sy0)  (-secy°  +  se~cy°  ) 

+  cos  (sy0 )  (cecy°  +  ce"cy°  )  }  (284) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 


a  lack  of  symmetry  is  present,  in  the  boundary  conditions  in 
the  y0 -direction. 

Just  as  before  a  displacement  function  w  which  satisfies 
the  first  two  stipulations  of  equation  (274)  is  given  by 
equation  (77).  Furthermore,  substitution  of  this  relation 
for  w  into  the  general  buckling  equation  (14)  produces 
equation  (81)  by  arguments  identical  to  those  presented  in 
section  IV.  The  variable  r  is  defined  in  equation  (81)  by 
equation  (39).  Equation  (81)  is  now  analyzed  for  the  three 
possible  algebraic  states — negative,  zero,  and  positive — of 
the  quantity  in  the  square  brackets  of  equation  (81) .  As 
explained  in  section  IV,  it  x.i  of  the  utmost  importance  to 
discuss  possible  solutions  in  precisely  this  order. 


{(Kyo/2m2)2  +  KXo(ao/mb0)2  -  1  }  <  0 

For  the  quantity  {(KYo/2m2)2  +  K*0  (a0/mb0)2  -  1  }  <  0 
equations  (82)  through  (105)  illustrate  that  the  unknown 
function  Y(y0)  must  take  the  form  shown  in  equation  (106). 

Consider  now  the  boundary  conditions,  equations  (274), 
for  this  case  of  a  laminate  simply  supported  on  three  sides 
and  free  on  the  fourth.  When  the  chosen  form  of  w,  equation 
(77),  is  substituted  into  the  final  three  lines  of  equations 


(274),  the  following  must  hold: 

Y(0)  sin(mnx0/a0)  *  0  ;  Y''(0)  sin(mnx0/a0)  *  0 

Y' ' (b0)sin (mnx0/a0)  *  0  ; 


tY'"(b0)  +  Kyo  (n/a0)  Y' (b0)l  sin(mnx0/a0)  =  0 


(275) 


(276) 
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VII.  Flat  Rpr.t angular  PftmpnaJ  «-a  r.aminafc  Supply  Supported  In 
ike  Ho-Plc.egtipp  and  simply  Supported  and  Free  sn  ike 
Isifi  Edges  Normal  tfi  the  Y0-PlLe.g.tiOD 

The  boundary  conditions  for  a  laminate  simply  supported 
in  the  x0-direction  and  simply  supported  and  free  on  the  two 
edges  perpendicular  to  the  y0 -direction  display  no  symmetry 
in  the  y0  -direction.  For  the  two  edges  which  have  normals 
parallel  to  the  x0-axis,  the  vertical  displacement  along  each 
edge  and  the  normal  component  of  the  moment  to  each  edge  must 
vanish  in  the  affine  space.  Similarly,  for  that  edge  normal 
to  the  y0  -direction  which  is  simply  supported,  these  same 
edge  conditions  hold.  However,  for  the  remaining  edge  which 
is  oriented  perpendicular  to  the  y0 -direction,  the  vanishing 
of  the  normal  component  of  the  moment  to  this  free  edge  and 
the  satisfaction  of  equation  (224)  constitute  the  two 
requisites.  In  equation  form,  the  following  must  hold: 


on 

edge  x0=-a0/2  , 

« 

u 

o 

r  W,xQx0 

=  0 

on 

edge  x0=  a0/2  , 

w  =  0 

;  w,Xqx0 

=  0 

on 

edge  y0=  0  , 

o 

H 

•  w'Yoy0 

=  0 

(274) 

on 

edge  y0 -  b0  , 

W'YoYo 

=  0  ; 

w'Y0yoVo 

+  KVo  (n/a0  )2  w,y0 

=  0 

Note  that  the  origin  of  coordinates  in  the  affine  space 
is  taken  to  be  at  the  center  of  the  simply  supported  edge 
normal  to  the  y0 -direction.  This  choice  of  origin  location, 


in  general,  allows  maximum  simplicity  in  manipulations  since 


FIGURE  26 

xo-buckling  coefficient  versus  to-buckling  coefficient  rt  a  constant  rffine  rspect 

RATIO  OF  5.4  FOR  AN  S-C-S-F  LAMINATE 


FIGURE  24 

BUCKLING  COEFFICIENT  VERSUS  YO-BUCKLING  COEFFICIENT  RT  A  CONSTANT  RFFINE  ASPECT 
RATIO  OF  1.0  FQR  AN  S-C-S-F  LAMINATE 


Kyo  Ranges  iLOm  a 
ive  infinity. 


Lai.gfi 


Humber  is 


If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  Ky 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  Similarly,  if  the  quantity 
likewise  bracketed  in  equation  (138)  cannot  be  positive,  Ky 
can  validly  range  from  a  relatively  large  positive  number  to 
positive  infinity.  The  intersection  of  these  two  domains  is 
then  merely  the  last  quoted  domain.  In  equation  form,  the 
search  for  a  solution  is  limited  by  the  two  inequalities 
expressed  in  equations  (139)  and  (140).  Furthermore, 
equations  (141)  through  (143)  explicitly  demonstrate  that 
Y(y0)  must  take  the  form  shown  in  equation  (144).  Note  also 
that  equations  (145)  and  (146)  define  the  variables  in 
equation  (144).  Equations  (277)  through  (280)  once  more 
comprise  the  group  of  boundary  conditions  for  the  Y(y0  ) 
function.  First,  apply  equation  (277)  to  equation  (144). 
This  stipulation  fixes  Dm  in  terms  of  Bm  such  that  Dm=  -Bn 
Utilization  of  equation  (278)  on  the  Y(y0)  equation,  on  the 
other  hand,  forces  Bm  and  hence  Dm  to  vanish.  So  equation 


(144)  takes  on  the  following  form: 

*(y0)  B  Amsin(amYo)  +  Cmsin  (vmy0 ) 


(306) 


The  first  derivative  of  Y  (y0 )  with  respect  to  y0  is: 


Y'(y0)  *  Amamcos(amy0  )  +  Cmvmcos  ( vm  y0  ) 


(307) 


The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 


Y"(y0)  »  -Amc£sin(amy0)  -  Cmv£  sin(vmy0  ) 


(308) 
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Finally,  the  third  derivative  of  Y (y0 )  with  respect  „o  y0 
is: 

Y'"(y0)  *  -Ama^cos(amy0)  -  CmY*  cos  (¥m  y0  )  (309) 

Substitution  of  equations  (307),  (308),  and  (309)  into 
equations  (279)  and  (280)  ,  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Cm .  For  non-trivial  Am  and  Cm,  the 
following  determinental  equation  must  hold: 

sin(ambG)  {-a2}  |  sin (vmb0 )  {-y2} 

- -  -  -  -  =  0  (310) 

cos  (amb0  )  { — |  cos  (Yjnbo )  {-V® 

+  Kyo  (n/a0)2  am  }  |  +  Ky<)  (n/a0)2  vm  } 

Expansion  of  the  determinant,  division  by  the  common 
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multiple  (amvm),  and  multiplication  by  the  quantity  bQ  gives: 

sin (amb0 )  cos(vmb0)  { (amb0 )  (vmb0 )2  -  Kyo  (nb0/a0)2  (amb0) } 

+  cos(amb0)  sin(vmb0)  { (-(ambc)2  (vmb0) 

+  Kyo  (nb0/a0)  (vmb0)  }  *  0  (311) 

Attempts  at  solution  of  equation  (311)  for  any 
combination  of  a0/b0  and  Ky<)  do  not  yield  the  smallest  values 
of  K„o .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  are  abandoned. 

Ky0  Ranges  tiszm  a  Relatively  Laiga  Nagabiva  Mumbai.  is  a 
Relatively.  Large  positive  Number. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  kVq 
can  take  on  any  value  from  a  comparatively  large  negative 


number  to  positive  infinity.  On  the  other  hand,  if  the 
quantity  bracketed  in  equation  (138)  must  be  positive,  Ky<j 
can  validly  range  from  a  relatively  large  positive  number  to 
negative  infinity.  The  intersection  of  these  two  domains 

dictates  that  KVo  range  from  a  relatively  large  negative 
number  to  a  relatively  large  positive  value.  In  equation 
form,  the  search  for  a  solution  is  limited  by  the  three 
inequalities  expressed  in  equations  (156),  (157),  and  (158). 

Furthermore,  equations  (159),  (160),  and  (161)  reveal  that 

Y (y0 )  must  take  the  form  shown  in  equation  (162).  As  usual, 
equations  (277)  through  (280)  make  up  the  set  of  boundary 
conditions  for  the  Y(y0  )  function.  First,  apply  equation 
(277)  to  equation  (162).  This  stipulation  fixes  Dm  in  terms 
of  Bm  such  that  Dm=  -Bm  Utilization  of  equation  (278)  on 
the  Y(y0)  equation,  on  the  other  hand,  forces  Bm  and  hence  Dm 
to  vanish.  So  equation  (162)  takes  on  the  following  form: 

Y(y0)  =  Amsin(amy0)  +  Cmsinh(pmy0)  (312) 

The  first  derivative  of  Y  (y0 )  with  respect  to  y0  is: 

Y *  (y0 )  =  Amamcos(amy0)  +  CmPmcosh(pmy0)  (313) 

The  second  derivative  of  Y(y0)  with  respect  to  yQ  is: 

Y • '  ( y o  )  =  -A|TamSin(amy0)  +  CmPmSinh (pmy0  )  (314) 

Finally,  the  third  derivative  of  Y (y0 )  with  respect  to  y0 

is: 

Y"'(y0)  =  -A^  cos(omy0  )  +  CmPmCOSh(pmy0)  (315) 

Substitution  of  equations  (313),  (314),  and  (315)  into 

equations  (279)  and  (280),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 


coefficients  Am  and  Cm.  For  non-trivial  Am  and  Cm ,  the 
following  determinental  equation  must  hold: 

sin  (omb0 )  {-a2}  |  sinh(pmb0)  {p2} 

-  -  -  -  -  -  =  0  (316) 

COS(amb0)  t-oj  |  COSh  (Pmb0  )  {Pm 

^y0  (n/a0 )  }  j  +  Ky0  (n/a0)  Pm} 

Expansion  of  the  determinant,  division  by  the  common 
multiple  (ampm),  and  multiplication  by  the  quantity  b®  gives: 

sin (ambG )  cosh  (Pmb0 )  {- (ambo  )  (Pmbo)2  “  Kyo  (nb0/a0)2  (amb0  ) } 

+  cos(amb0)  sinh  (Pmb0 )  {  (amb0  )2  (Pmbo  > 

-  Ky<)  (nbo/a0)2  (Pmbo)  }  =  0  (317) 

Equation  (317)  represents  the  governing  equation  for  the 
combination  of  any  plate  aspect  ratio  and  Kyo  less  than  zero. 

In  other  words,  the  roots  of  equation  (317)  yield  tie 
smallest  values  of  KXq  for  any  ao/b0  and  tensile  KVo  . 
Consideration  of  results  generated  by  equation  (317)  is 
postponed  until  the  last  of  the  three  subcases  is  presented. 

Ky<>  Baughs  from  s  Relatively  Large  Negative  M.umbex  la 
Negative  infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  be  greater  than  zero,  KVo 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  negative  infinity.  Furthermore,  this  stipulation 
of  positivism  in  equation  (137)  ensures  that  the  bracketed 
quantity  in  equation  (138)  will  be  similarly  greater  than 
zero.  In  equation  form,  the  search  for  a  solution  is  limited 


by  the  two  inequalities  expressed  in  equations  (170)  and 
(171).  Furthermore,  equations  (172),  (173),  and  (174) 

sequentially  illustrate  that  Y(y0)  must  take  the  form  shown 
in  equation  (175).  Note  also  that  equations  (277)  through 
(280)  again  comprise  the  group  of  boundary  conditions  for  the 
Y(y0  )  function.  First,  apply  equation  (277)  to  equation 
(175).  This  combination  fixes  Dm  in  terms  of  Bm  such  that 
Dm-  -Bm  Utilization  of  equation  (278)  on  the  Y (y0 )  equation, 
in  contrast,  forces  Bm  and  hence  Dm  to  vanish.  So  equation 
(175)  takes  on  the  following  form: 

Y(yc)  =  Amsinh(emy0)  +  Cmsinh(pmy0)  (318) 

The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 
Y'(Yo)  *  Amemcosh(e  y0  )  +  CmPmcosh  (pmy0  )  (319) 

The  second  derivative  of  Y (y0 )  with  respect  to  y0  is: 
Y"(y0)  *  Ame^sinh(emy0)  +  CmPmSinh  (Pmy0 )  (320) 

Finally,  the  third  derivative  of  Y (y0 )  with  respect  to  y0 
is: 

Y'"(y0)  =  Ame^cosh(emy0)  +  CmPmCosh  (pmy0  )  (321) 

Substitution  of  equations  (319),  (320),  and  (321)  into 

equations  (279)  and  (280),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Cm .  For  non-trivial  Am  and  Cm,  the 
following  determinental  equation  must  hold: 


sinh  (emb0 )  {em }  |  sinh(pmb0)  {p*} 


0 


(322) 


cosh  (emb0 )  {0m  |  cosh  (pmb0 )  {pj, 

+  Kyo  (n/a0)2  6m  }  |  +  Kyo  (n/a0)2  pm} 

Expansion  of  the  determinant,  division  by  the  common 

3 

multiple  (empm),  and  multiplication  by  the  quantity  b0  gives: 
sinh (emb0)  cosh(pmb0)  {  (6mb0)  (Pmb0)2 

t  Kyc  (nb0/a0 )  (emb0  ) } 

-  sinh  (pmb0 )  cosh(emb0)  {  (emb0)2  (Pmb0) 

+  Ky0  (nb0/a0)2  (pmb0  ) }  =  0  (323) 

Attempts  at  solution  of  equation  (323)  for  any 
combination  of  a0/b0  and  Kyo  do  not  yield  the  smallest  values 
of  K„o .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  as  a  whole  are  abandoned. 

Diac.tt88.ion  &£  Results 

Table  XIII  gives  selected  a0  /bD  ,  KVo  ,  and  KX<J  ordered 
triplets  as  determined  by  equation  (289).  Note  that  the 
results  generated  by  equation  (289)  are  given — and  indeed  are 
only  valid — for  compressive  or  positive  Kyo  .  These  numbers 
and  plots  based  upon  this  data  reveal  two  very  important 
aspects  of  the  buckling  characteristics  of  a  laminate 
supported  by  this  relatively  weak  set  of  boundary  conditions. 
First,  all  values  of  minimum  KXq  for  any  combination  of  a0/b, 
and  compressive  KVo  are  achieved  when  m  *  1  is  utilized  in 
the  terms  which  compose  equation  (289).  More  broadly,  K, 
plotted  versus  a0/b0  for  any  constant  compressive  Kyo 


results  in  just  one  continuous  curve.  There  are  no 
transition  points  to  another  curve. 

Second,  curves  of  KXo  versus  a  0 /b0  for  constant 
compressive  Kyo  lie  well  below  the  zero  ordinate  for  small 
and  intermediate  affine  aspect  ratios.  However,  these  curves 
continuously  trend  upward  as  a0  /b0  increases.  For  any 
constant  KVo  ,  the  KXo  versus  a0/b0  plot  asymptotically 
approaches  a  value  of  roughly  -0.3  KVo  .  For  example,  the 
following  data  reflects  x0  -buckling  coefficients  (and 
corresponding  y0 -buckling  coefficients)  for  an  affine  aspect 
ratio  of  60.0  : 


/bg 

Kyo 

Kx 

*0 

60.0 

0.5 

-0.1517 

60.0 

1.0 

-0.3038 

60.0 

1.5 

-0.4560 

60.0 

2.0 

-0.6082 

60.0 

2.5 

-0.7604 

60.0 

3.0 

-0.9128 

Table  XIV  gives  selected  a0/b0,  KXo  ordered  pairs  for 
zero  Kyo  only.  This  data  is  based  exclusively  upon  equation 
(298).  These  numbers  again  bring  to  light  two  key  details  of 
the  uniaxial  (  Ky<J  =  0  )  buckling  phenomenon.  First, 
identical  to  the  descriptions  presented  above,  all  values  of 
minimum  KXq  for  any  affine  aspect  ratio  and  null  KVo  occur 
when  m  *  1  is  inserted  into  equation  (298).  As  a  result,  a 


sketch  of  KXq  versus  a0  /b0  for  Kyo  =  0  plots  as  one 

continuous  curve;  transition  points  are  absent. 

Second,  the  KXq  versus  a0/b0  curve  for  Kyo  =  0  lies 
above  the  zero  ordinate  for  all  aspect  ratios.  As  a0/b0 
becomes  large,  however,  the  K„o  *  0  value  is  rapidly 
approached.  Indeed,  the  limiting  value  of  Kx<)  for  this 
uniaxial  buckling  case  is  in  fact  zero  (as  can  be  easily  seen 
by  examination  of  equation  (298)  ). 

Table  XV  gives  selected  a0/b0,  Kyo  ,  and  KXo  ordered 
triplets  as  determined  by  equation  (317).  Note  that  the 
results  generated  by  equation  (317)  are  given  and  are  only 
valid  for  negative  Kyo  .  Also  included  is  the  integer  value 
of  m  which  produces  this  minimum  KXf)  .  Furthermore,  each 
entry  point  which  corresponds  to  a  transition  point  from  the 
m  curve  to  the  (m  +  1)  curve  is  superscripted  with  a  star 
(*).  Especially  be  aware  that  discontinuous  curves,  as 
opposed  to  the  continuous  curves  discussed  above,  depict  Kx 
versus  a0/b0  plots  for  tensile  Ky<)  .  The  statistics  presented 
in  Table  XV  expose  two  key  characteristics  of  laminates  under 
tension  in  the  y0 -direction.  First,  the  transition  values  of 
flo/bo  increase  as  Kyo  becomes  algebraically  larger  (or  less 
tensile).  For  this  weak  set  of  boundary  conditions,  however, 
transitions  occur  after  longer  intervals  of  aspect  ratio  than 
for  those  stronger  groups  discussed  in  prior  sections. 

Second,  irrespective  of  the  negative  magnitude  of  KVo ,  Kx 
attains  a  limiting  value  of  zero  as  a0  /b0  approaches 
infinity.  For  this  set  of  boundary  conditions  the  rate  of 
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approach  toward  this  zero  asymptote  is  relatively  slow.  For 
example,  for  Ky<}  =  -5.0  ,  KXo  =  0.0493  at  a0/b0  =  50.0 

and  K„o  *  0.0247  at  a0/b0  =  100.0  Note  that  this  asymptotic 
value  of  zero  differs  from  those  asymptotes  presented  for 
compressive  Kyo  . 

Figure  27  represents  a  plot  of  KXo  versus  a0/b0  for 
twelve  distinct  values  of  Kyo  .  The  lowest  curve 
characterizes  Kyo  =  3.0  ;  whereas,  the  highest  depicts 

Kyo =  -5.0  In  ascending  order  the  magnitudes  of  the 
yQ  -buckling  coefficients  which  correspond  to  the  remaining 
ten  curves  are:  2.5,  2.0,  1.5,  1.0,  0.5,  0.0,  -1.0,  -2.0, 
-3.0,  and  -4.0  This  graph  reinforces  the  concepts  that  KX(j 
for  a  compressive  or  zero  KVo  is  determined  by  one  continuous 
curve  and  that  K„o  for  a  tensile  KVo  is  rendered  by  the 
lowest  values  of  an  infinite  number  of  intersecting  curves. 
In  addition,  the  merging  of  the  family  of  curves  to  the  zero 
asymptote  for  tensile  or  zero  Ky<}  and  to  distinct,  relatively 
evenly  spaced  asymptotes  for  compressive  KVo  is  readily 
apparent. 

Figure  28  plots  in  three  dimensions  the  same 
information  as  Figure  27.  Qualitatively,  this  sketch 
expresses  the  nature  of  the  buckling  surface  better  than  does 
Figure  27;  however,  the  quantitative  aspect  of  Figure  28  is 
not  as  appealing.  Computer-generated  plots  are  skewed  by  the 
angle  at  which  the  "artist"  draws  the  sketch.  Consequently, 
extraction  of  accurate  data  from  the  three-dimensional  plot 
is  virtually  impossible. 


for 


Table  XVI  gives  selected  coordinates  of  Kyo  and  KX(j 
three  distinct  values  of  a0 /bG — 1.4,  3.0,  and  5.4  Figures 
29,  30,  and  31  represent  two-dimensional  plots  at  these 

constant  a0 /b0  slices  of  1.4,  3.0,  and  5.4,  respectively. 
Because  the  data  for  each  of  the  curves  are  derived  from 
three  completely  different  equations  (  (289)  for  Ky 

positive;  (298)  for  Kyo  zero;  (317)  for  KVo  negative),  a  mild 
variance  of  slope  in  the  vicinity  of  Kyo  =0.0  is  observed 
for  a0/b0  =  1.4  and  slightly  larger  variances  for 
a0/b0  =  3.0  and  a0/b0  =  5.4  These  breaks  are  decidedly 
less  severe  than  those  observed  in  corresponding  plots  for  a 
laminate  simply  supported  on  opposite  sides  and  clamped  and 
free  on  the  remaining  edges. 


TABLE  XIII 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0-Direction  and 
Simply  Supported  and  Free  on  the  Two  Edges  Normal 
to  the  y0 -Direction 
(for  Kyo  less  than  zero) 


m 

a0/*>o 

KV0 

K*o 

1 

0.6000 

1.5 

-3.4724 

1 

0.8000 

1.5 

-1.9413 

1 

1.2000 

1.5 

-0.8630 

1 

1.8000 

1.5 

-0.5403 

1 

2.4000 

1.5 

-0.4839 

1 

3.2000 

1.5 

-0.4658 

1 

4.0000 

1.5 

-0.4606 

1 

4.8000 

1.5 

-0.4586 

1 

5.4000 

1.5 

-0.4578 

1 

0.8000 

2.0 

-4.6837 

1 

1.0000 

2.0 

-2.9756 

1 

1.2000 

2.0 

-2.0506 

1 

1.6000 

2.0 

-1.2258 

1 

2.0000 

2.0 

-0.9331 

1 

2.6000 

2.0 

-0.7704 

1 

3.4000 

2.0 

-0.6929 

1 

4.4000 

2.0 

-0.6554 

1 

5.4000 

2.0 

-0.6384 

1 

1.0000 

2.5 

-5.2346 

1 

1.2000 

2.5 

-3.6071 

1 

1.4000 

2.5 

-2.6425 

1 

1.6000 

2.5 

-2.0560 

1 

2.0000 

2.5 

-1.4579 

1 

2.4000 

2.5 

-1.1924 

1 

3.0000 

2.5 

-1.0100 

1 

3.8000 

2.5 

-0.9051 

1 

4.6000 

2.5 

-0.8553 

1 

5.4000 

2.5 

-0.8276 
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TABLE  XIV 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0-Direction  and 
Simply  Supported  and  Free  on  the  Two  Edges  Normal 
to  the  y0 -Direction 


(for  Ky0 

equal  to  zero  only) 

m 

a0/b0 

Kvo 

K*o 

1 

0.6000 

0.0 

2.7778 

1 

0.8000 

0.0 

1.5625 

1 

1.0000 

0.0 

1.0000 

1 

1.2000 

0.0 

0.6944 

1 

1.4000 

0.0 

0.5102 

1 

1.6000 

0.0 

0.3906 

1 

1.8000 

0.0 

0.3086 

1 

2.0000 

0.0 

0.2500 

1 

2.8000 

0.0 

0.1276 

1 

3.6000 

0.0 

0.0772 

1 

4.6000 

0.0 

0.0473 

1 

5.4000 

0.0 

0.0343 

TABLE  XV 


Buckling  Coefficients  versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0-Direction  and 
Simply  Supported  and  Free  on  the  Two  Edges  Normal 
to  the  y0 -Direction 
(for  Kyo  greater  than  zero  only) 


m 

a0/bo 

Kv 

y<> 

K*o 

1 

0.6000 

-5.0 

4.0464 

1 

1.0000 

-5.0 

2.2947 

1 

1.4000 

-5.0 

1.8347 

1 

1.7225* 

-5.0 

1.6852 

2 

2.2000 

-5.0 

1.1714 

2 

2.6000 

-5.0 

0.9422 

2 

3.2000 

-5.0 

0.7477 

2 

3.8000 

-5.0 

0.6389 

2 

4.4000 

-5.0 

0.5721 

2 

4.9456* 

-5.0 

0.5315 

3 

5.2000 

-5.0 

0.4968 

3 

5.4000 

-5.0 

0.4729 

1 

0.6000 

-3.0 

3.5453 

1 

1.0000 

-3.0 

1.7898 

1 

1.4000 

-3.0 

1.3227 

1 

1.8000 

-3.0 

1.1408 

1 

2.1731* 

-3.0 

1.0588 

2 

2.6000 

-3.0 

0.8068 

2 

3.2000 

-3.0 

0.6090 

2 

3.8000 

-3.0 

0.4977 

2 

4.6000 

-3.0 

0.4117 

2 

5.4000 

-3.0 

0.3612 

1 

0.6000 

-1.0 

3.0416 

1 

0.8000 

-1.0 

1.8331 

1 

1.2000 

-1.0 

0.9756 

1 

1.6000 

-1.0 

0.6788 

1 

2.2000 

-1.0 

0.5009 

1 

3.0000 

-1.0 

0.4094 

1 

3.6515* 

-1.0 

0.3750 

2 

4.2000 

-1.0 

0.3020 

2 

4.8000 

-1.0 

0.2490 

2 

5.4000 

-1.0 

0.2127 
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TABLE  XVI 


KXo  Versus  Kyo  for  Various  Plate  Aspect  Ratios  for  a  Laminate 
Simply  Supported  in  the  x0-Direction  and  Simply  Supported  and 
Free  on  the  Two  Edges  Normal  to  the  yQ -Direction 


m 

a0/bo 

KV0 

Kx 

*0 

1 

1.4000 

-5.0 

1.8347 

1 

1.4000 

-3.0 

1.3227 

1 

1.4000 

-1.0 

0.7953 

1 

1.4000 

0.0 

0.5102 

1 

1.4000 

0.5 

0.2926 

1 

1.4000 

1.0 

-0.0885 

1 

1.4000 

1.5 

-0.6822 

1 

1.4000 

2.0 

-1.5272 

1 

1.4000 

2.5 

-2.6425 

2 

3.0000 

-5.0 

0.7995 

2 

3.0000 

-3.0 

0.6619 

1 

3.0000 

-1.0 

0.4094 

1 

3.0000 

0.0 

0.1111 

1 

3.0000 

0.5 

-0.0539 

1 

3.0000 

1.0 

-0.2463 

1 

3.0000 

1.5 

-0.4683 

1 

3.0000 

2.0 

-0.7221 

1 

3.0000 

2.5 

-1.0100 

3 

5.4000 

-5.0 

0.4729 

2 

5.4000 

-3.0 

0.3612 

2 

5.4000 

-1.0 

0.2127 

1 

5.4000 

0.0 

0.0343 

1 

5.4000 

0.5 

-0.1216 

1 

5.4000 

1.0 

-0.2856 

1 

5.4000 

1.5 

-0.4578 

1 

5.4000 

2.0 

-0.6384 

1 

5.4000 

2.5 

-0.8276 
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[  Ze2cb°  -  ve-2cbo  ]{  (sb0)5+  2(cb0)2  (sb0)3+  (cb0)4(sb0) 

-  Kyo  (nb0/a0)2  (  (cb0)2  (sb0)  +  (sb0)3)  } 

+  [  10(S  -  R)  (cb0)2  (sb0)3  +  5 (R  -  S)  (cb0)4  (sb0) 

+  (R  -  S)  (sb0)5+  8  (RS  -  VZ  +  1)  (cb0)3  (sb0)2 
+  4(VZ  -  RS  -  1)  (cb0)  (sb0)4 
+  Kyo  (nb0/a0)2  {  2  (RS  -  VZ  +  1)  (cb0)  (sb0)2 
+  3  (R  -  S)  (cb0)2  ( sb o )  +  (S  -  R)  (sb0)3  }  ] 

+  2sin2  (sbQ )  [  (VZ  -  RS)  (cb0 )  (sb0  )4  +  (VZ  -  RS)(cb0)5 
+  2(cb0)3  (sb0 )2  +  Kyo  (nb0/a0)2  {  (VZ  -  RS)  (cb0)3 
+  (cbQ )  (sb0)2  }  ] 

+  2cos2  (sb0)  [  2  (RS  -  VZ)  (cbQ)3  (sb0)2  -  (cbo)(sb0)4 

-  (cb0)5+  Kyo  (nb0/aQ)2  { (RS  -  VZ)  (cb0)  (sb0)2 

-  (cb0)3}  ] 

-  2  (R  +  S)  sin(sb0)  cos(sbQ)  [  (cb0)(sb0)4 
+  2  (cb0  )  3  (sbQ  )2  +  (cb0)5 

+  Kyo  (nb0/ao)2  {  (cb0)(sb0)2+  (cb0)3  }  ]  =  0  (350) 

Equation  (350)  constitutes  the  governing  equation  for 
any  plate  aspect  ratio  and  Kyo  greater  than  or  equal  to  zero. 
In  other  words,  the  roots  of  equation  (350)  yield  the 
smallest  values  of  Kx<}  for  any  a0  /b0  and  compressive  (or 
zero)  Kyo  .  Consideration  of  results  generated  by  equation 
(350)  is  postponed  until  all  cases  and  subcases  have  been 
presented  for  the  chosen  set  of  boundary  conditions. 

{(Kyo/2ra2)2  +  K„o  (a0/mb0)2  -  1  }  =  0 

For  the  quantity  {(Kyo/2m2)2  +  KXq  (a0/mb0)2  -  1  }  =  0 
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sin2  (sb0 )  [e2cb°  {2Z(cb0)2  (sb0)3+  Z(cb0)4  (sb0) 

+  Z(sb0)5-  Kyo  (nb0/a0)2  (Z(cb0)2  (sb0)  +  Z(sb0)3  )  } 

-  e-2cb°  {V (sb0 )5  +  2V (cb0 )2  (sb0)3+  V (cb0 )4  (sb0) 

-  Kya  (nb0/a0)2  (V (cb0 ) 2  (sb0)  +  V(sb0)3  )  } 

+  { 8  (RS  -  VZ)  (cb0)3  (sb0)2  +  10(S  -  R)  (cb0  )2  (sb0)3 
+  (R  -  S)  (sb0)5+  6  (VZ  -  RS)  <cb0)  (sb0)4 
+  2  (VZ  -  RS)  (cb0)5  +  5(R  -  S)  (cb0)4  (sb0) 

-  4  (cbQ)  (sbc)4  +  12(cb0)3  (sb0)2 

+  Ky0  (nb0/a0)2  (2  (RS  -  VZ)  (cb0)  (sb0)2  +  (S  -  R)  (sb0)3 
+  2(VZ  -  RS)  (cbo)3  +  3  (R  -  S)  (Cb0)2  (sb0) 

+  4  (cb0)  (sb0  )2  )  }  1 

+  cos2  (sb0 )  [e2cbo  {Z(sb0)5+  2Z(cb0)2  (sb0)3 
+  Z(cb0)4  (sb0)  -  Kyo  (nbo/a0)2  (Z(sb0)3 
+  z (cb0)2  (sb0)  )  } 

_  e-2cb0  {v (sb0 )5  +  2V(cb0  )2  (sb0)3  +  V(cb0)4  (sb0) 

-  Kyo  (nb0/a0)2  (V(cb0)2  (sbQ)  +  V(sbc)3  )  } 

+  { 12  (RS  -  VZ)  (cb0)3  (sb0)2  +  10  (S  -  R)  (cb0)2  (sb0)3 
+  (R  -  S)  (sb0)5+  4  (VZ  -  RS)  (cb0)  (sb0)4 
+  5(R  -  S)  (cb0)4  (sb0)  -  6{cb0)  (sb0)4  +  8(cb0)3  (sb0)2 

-  2  (cb0  )5  +  Kyo  (nb0/a0)2  ( 4  { RS  -  VZ)  <cb0)  (sb0)2 
+  (S  -  R)  (sb0)3+  3  (R  -  S)  (cb0)2  (sb0) 

+  2  (cb0)  (sb0)2  -  2(cb0)3)  }  ] 

-  2sin (sb0 )  cos(sbQ)  [ (R  +  S) (cb0 )  (sb0 )4 
+  2(R  +  S)  (cb0)3  (sb0)2  +  (R  +  S)  (cb0)S 
+  Ky<)  (nb0/a0)2  { (R  +  S)  (cb0)  (sb0)2 

+  (R  +  S)  (cb0)3  }  ]  =  0  (349) 
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sin  (sb0)  { (Sc2-  Ss2 

sin  (sb0)  { (Rc2-  Rs2 

-  2cs)ecb°  +  (Vc2 

+  2cs) e_cb°  +  (Zc2 

-  Vs2  )e-cb°  } 

-  Zs2  )  ect>0  } 

+  cos(sb0)  { (2Scs  +  c2 

+  cos(sb0)  [2Zcsecb° 

-  s2 ) ecb° 

+  (c2-  s2 

-  2Vcse_cb°  } 

-  2Rcs) e_cb°  } 

sin(sb0)  {(Sc3-  3Scs2 

sin  (sb0)  {  (Zc3-  3Zcs2 

+  s3-  3c2s 

+  Kyo  (n/a0)2zc)ecb° 

+  Ky<)  (n/aQ)2  [Sc 

+  (3Rcs2-  Rc3+  s3 

-  s]  )ecb° 

-  3c2s 

+  (3Vcs2 -  Vc3 

-  Kyo  (n/a0)2  [Re 

-  Kyo  (n/a0  )2  Vc)e'cb°  } 

+  s]  ) e_cb°  } 

+  cos(sb0)  {  (3Sc2s  -  Ss3 

+  cos(sbo)  { (3Zc2s  -  Zs3 

+  c3-  3cs2 

+  Kyo  (n/a0)2  Zs) ecb° 

+  Ky0  (n/a0)2  [Ss 

+  (3Rc2s  -  Rs3+  3cs2 

+  c]  )  ecb° 

-  c3 

+  (3Vc2s  -  Vs3 

+  Ky0  (n/a0)2  [Rs 

+  KVo  (n/aG)2  Vs)e-Cb°  } 

-  c]  )e-cb°  } 

(348) 


Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b3  results  in  the  following  equations  (  the  second 
equation  a  simplification  of  the  first): 
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YUy0)  =  Bm{  t(Sc  -  s)ecy°  -  Vce-Cy°  ]  sin(sy0) 

+  ( (Ss  +  c)ecy°  +  Vse-cy<>  ]  cos(sy0)  } 

+  Dm{  {Zcecy°  -  (Rc  +  8)e_cyo  ]  sin(sy0) 

+  [zsecy°  +  (Rs  -  c)e_CVo  ]  cos(sy0)  }  (345) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 
Y"(y0)  -  Bm{  [(Sc2-  Ss2-  2cs)ecyo  +  (Vc2 

-  Vs2)e_cy°  ]  sin(sy0)  +  [  (2Scs  +  c2-  s2)ecyo 

-  2Vcse"cy°  ]  cos(sy0)  }  +  Dm{  [(Zc2-  Zs2)ecyo 

+  (Rc2-  Rs2-  2cs)e-cyo  ]  sin(sy0  )  (346) 

+  [  2Zcse'cy°  +  (c2-  s2-  2Rcs)ecy°  ]  cos(sy0)  } 
Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 
is: 

Y'"(y0)  *  Bm{  [(Sc3-  3Scs2+  s3-  3c2s)ecyo  +  (3Vcs2 

-  Vc3)e~cy°  ]  sin  (sy0 )  +  [  (3Sc2s  -  Ss3  +  c3 

-  3cs2)ecy°  +  (3Vc2s  -  Vs3)e-cy°  ]  cos(sy0)  } 

+  Dm{  [(Zc3-  3Zcs2  )  ecy°  +  (3Rcs2  —  Rc3+  s3 

-  3c2s)e_cy°  ]  sin(sy0)  +  [  (3Zc2s  -  Zs3)ecy° 

+  (3Rc2s  -  Rs3+  3cs2-  c3)e“cy°  ]  cos(sy0)  }  (347) 

Substitution  of  equations  (345),  (346),  and  (347)  into 

equations  (329)  and  (330),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Bm  and  Dm .  For  non-trivial  Bm  and  Dm ,  the 
following  determinental  equation  must  hold: 
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(338) 


V  =  {  -0.5  s4/c  -  cs2  -  0.5  c3  +  K y o  (n/a0)2  [0.5  c 
+  0.5  s2/c  ]  }  /  {  2s3-  6c2s  -  2  KYo(n/a0)2s  } 

R  =  {  -0.5  s4/c  +  5cs2  -  2.5  c3  +  Ry<>  (n/a0)M^r§  c 

+  0.5  s2/c  ]  }  /  {  2s3-  6  c2s  -  2  K io  (n/a0)2  s  }  (339) 

*1 

Therefore,  equation  (337)  can  be  written  more 
efficiently  in  terms  of  the  variables  V  and  R. 

Cm  =  V  Bm  +  R  Dm  (340)  * 

i 

In  a  similar  fashion,  define  two  additional  variables  of 

.  i 

convenience:  •  ] 

S  =  V  -  (  c2-  s2  ) /(2cs)  (341)  -'-i 

Z  -  R  -  (  c2-  s2 ) / (2cs)  (342) 

With  knowledge  of  the  variables  V  and  R,  S  and  z  allow 
equation  (335)  to  be  rewritten  in  a  concise  form.  — 

Am  -  S  Bm  +  Z  Dm  (343)  .  : 

Finally,  the  Y(y0  )  function,  equation  (106),  can  be 

•\\.1 

written  in  terras  of  the  constants  Bm  and  Dm  only  when  *-—4 

»■  -  4 

equations  (340)  and  (343)  are  substituted  into  equation 

(106). 

Y  (y0  )  =  Bm{  (SeCVo  +  Ve~cy°  )  sin(sy0)  +  ecyo  cos  (sy0  )  } 

+  Dm{(Zecy°  +  Re~cy°  )  sin(sy0)  +  e“cy°cos  (sy0  ) }  (344) 

It  is  necessary  to  differentiate  this  Y  (y0  )  function  .y . 

again.  Only  two  constants,  as  opposed  to  four,  are  now  i 

present  in  this  function.  The  first  derivative  of  Y (y0 )  with 
respect  to  y0  is: 


-158- 


¥"'(yo)  *  Amecy°  {(c3-  3csz  )  sin  {sy0  ) 

+  (3c2s  -  s3 )cos  (sy0 ) } 

+  Bmecy°  { ( s3  —  3c2s)  sin  {sy0  > 

+  (c3-  3cs2  )cos  (sy0  ) } 

+  Cme~cy°  { (3cs2-  c3  )  sin  (sy0  ) 

+  (3c2s  -  s3)cos(sy0)} 

+  Dme“cy°  { (s3  —  3c2s)  sin  (sy0  ) 

+  (3cs2-  c3)cos(sy0)} 

Apply  equation  (327)  to  equation  (332). 
stipulation  fixes  Am  in  terms  of  Bm,  Cm,  and  Dm. 
Am{2cs)  +  Bm{  c2-  s2}  -  Cm{2cs}  +  Dm{  c2-  s2}  *  0 
Am»  Cm-  [(  c2-  s2 )  / (2cs)  ]  {  Bm+  Dm} 


(333) 


This 


(334) 

(335) 


Next,  apply  equation  (328)  to  the  combination  of 
equations  (331)  and  (333) .  This  condition  will  fix  Cm  (  and 
hence  Am  by  equation  (335)  )  in  terms  of  Bm  and  Dm. 


Am{3c2s  -  s3  +  Kyo  (n/a0)2s  }  +  Bm{c3-  3cs2 
+  Kyo(n/a0)2c}  +  Cm{3c2s  -  s3+  Ky<J(n/a0)2s  } 

+  Dm{3cs2  -  c3-  Ky(n/a0)2c  }  =  0 


(336) 


When  the  relation  for  Am  expressed  in  equation  (335)  is 
inserted  into  equation  (336),  the  following  expression  is 
returned: 

Cm=*  [  Bm{  -0.5  s4/c  -  cs2  -  0.5  c3  +  KVo  (n/a0 )2  (0.5  c 
+  0.5  s 2/c  )  }  +  Dm{  -0.5  s4/c  +  5cs2  -  2.5  c3 


+  Kyo (n/a0)  (-1.5  c  +  0.5  s2/c  )  }  ]/[  2s3 

-  6c2 s  -  2  Kyo  '  i/a0)2  s  ] 
Define  the  following  variables: 


(337) 
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(326) 


[Y'"  (b0)  +  Ky<>  (n/a0)2  Y' (b0)  1  sin  (mnx0/a0 )  =  0 
For  equations  (325)  and  (326)  to  have  meaning  in  the 
general  case,  the  following  conditions  must  hold: 


Y' ' (0)  =0 

(327) 

Y' ' '  (0)  +  Ky0  (n/a0)2  Y'  (0)  =  0 

(328) 

Y* • (b0)  =  0 

(329) 

Y"‘  (b0)  +  Kyo  (n/a0  )2  Y*  (b0)  =  0 

(330) 

Again,  the  function  Y(y0  )  is  expressed 

in  equation 

(106).  The  first  derivative  of  this  function  with  respect  to 
Yo  is: 

Y'(y0)  -  Amecy°  {  s  cos  (sy0  )  +  c  sin(syQ)  } 

-  Bmecy°  {  s  sin  (sy0  )  -  c  cos(syQ)  } 

+  Cme_cy°  {  s  cos  (syG  )  -  c  sin(syG)  } 

-  Dme~cv°  {  s  sin (sy0  )  +  c  cos(sy0)  }  (331) 

The  second  derivative  of  Y(y0)  with  respect  to  yQ  is: 

Y''(y0)  =  Amecy°  {(c2-  s2 )  sin  (sy0  )  +  2cs  cos(sy0)  } 

+  Bmecy°  { (c2  —  s2)cos  (sy0  )  -  2cs  sin(sy0)  } 

+  Cme"cy°  { (c2—  s2 )  sin  (sy0 )  -  2cs  cos(sy0)  } 

+  Dme~cy°  {(c2-  s2 ) cos  (sy0  )  +  2cs  sin(sy0)  }  (332) 

The  third  derivative  of  Y(y0)  with  respect  to  y0  is: 


In  the  same  pattern  as  in  prior  sections,  a  displacement 
function  w  which  satisfies  the  first  two  stipulations  of  — ^ 

equation  (324)  is  given  by  equation  (77).  Furthermore, 
substitution  of  this  relation  for  w  into  the  general  buckling 
equation  (14)  produces  equation  (81)  by  arguments  identical 
to  those  presented  in  section  IV.  The  variable  r  is  defined 
in  equation  (81)  by  equation  (39).  Equation  (81)  is  now 
analyzed  for  the  three  possible  algebraic  states — negative,  * 

zero,  and  positive — of  the  quantity  in  the  square  brackets  of 
equation  (81) .  As  explained  in  section  IV,  it  is  of  the 
utmost  importance  to  discuss  possible  solutions  in  precisely  -  ^ 

•  *■  i 

this  order. 

{(Kyo/2m2)2  +  KX0(a0/mb0)2  -  1  }  <  0  “ 

For  the  quantity  {(Kyo/2m2)2  +  K„o  (a0/mb0)2  -  1  }  <  0 

equations  (82)  through  (105)  illustrate  that  the  unknown 
function  Y(y0)  must  take  the  form  shown  in  equation  (106). 

Consider  now  the  boundary  conditions,  equations  (324) , 
for  this  case  of  a  laminate  simply  supported  on  one  set  of 
opposite  sides  and  free  on  the  other.  When  the  chosen  form 
of  w,  equation  (77),  is  substituted  into  the  final  four  lines  j 

of  equations  (324),  the  following  must  holds  ...j 

Y' ' (0)  sin(mnx0/a0)  =  0  ;  1 

(325) 

[Y*  *  *  (0)  +  Ky0  (n/a0)2  YMO)]  sin (mnx0/a0 )  =0  ^-j 
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VIII.  Flat  Rectangular  Composite  Laminate  Simply  Supported 


la  t hs.  Sp-Direction  and  fi&e  in  ilia  x0-Picectign 

In  contrast  to  the  work  presented  in  the  last  three 
sections,  the  boundary  conditions  for  a  laminate  simply 
supported  in  the  xe  -direction  and  free  in  the  y0 -direction 
are  symmetric  with  respect  to  each  planar  axis.  For  the 
edges  which  have  normals  parallel  to  the  x0  -axis,  the 
vertical  displacement  along  each  edge  and  the  normal 
component  of  the  moment  to  each  edge  must  be  zero  in  the 
atfine  space.  On  the  other  hand,  for  the  two  edges  which 
have  normals  parallel  to  the  y0  -axis,  the  vanishing  of  the 
normal  component  of  the  moment  to  each  edge  and  the 
satisfaction  of  equation  (224)  constitute  the  two  requisites. 
In  equation  form,  the  following  must  hold: 


on 

edge  x0=-a0/2  , 

o 

n 

i  wfx0x0 

=  0 

on 

edge  xQ»  a0/2  , 

w  =  0 

}  wfx0x0 

=  0 

on 

edge  y0»  0  , 

w'y0Vo 

=  0  ? 

W'VoVoV0 

+  Ky0  (n/3o)  wry0 

=  0 

on 

edge  y0 -  b0  , 

w»y0>o 

=  0  ; 

™n0i0i0 

+  Ky0  (n/a0 )  w,yo 

=  0 

Note  that  the  origin  of  coordinates  in  the  affine  space 
is  taken  to  be  at  the  center  of  one  of  the  free  edges  normal 
to  the  y0-direction.  This  choice  of  origin  location,  despite 
the  symmetric  boundary  conditions,  affords  one  maximum 
simplicity  in  numerical  manipulations. 
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FIGURE  29 

XO -BUCKLING  COEFFICIENT  VERSUS  TO-BUCKLING  COEFFICIENT  AT  ft  CONSTANT  BFFJNE  RSPECT 

RATIO  OF  1.4  FOR  ftN  S-S-S-F  LAMINATE 


F1GURF  ?« 

SURFACE  REPRESENTING  RELATION  BETWEEN  BUCKLING  COEIFICIENTS  AND  AFFINE  ASPECT  RATIO 

FOR  AN  S-S-S-F  LAMINATE 


FOR  THE  RANGE 


BUCKLING  COEFFICIENT  VERSUS  AFFINE  ASPECT  RATIO  FOR  AN  S-S-S-F  LAMINATE 
FOR  VARIOUS  CONSTANT  YQ-0UCKLING  COEFFICIENT  VALUES 


equation  (81)  simplifies  to  equation  (120).  Since  the 
character  of  equation  (120)  differs  drastically  for  the 


choice  of  algebraic  sign  of  KYo  ,  each  possible  range  of  K 
— negative,  zero,  and  positive — will  be  analyzed  as  different 
subcases. 

<  0- 

For  KVo  <  0  equations  (121)  and  (122)  lead  to  the 

conclusion  that  the  unknown  Y (y0 )  function  must  take  the  form 
shown  in  equation  (123).  The  first  derivative  of  this 
function  with  respect  to  y0  is: 

Y'(y0)  =  AmT  cosh  (Ty0  )  +  BmT  sinh(Ty0) 

+  Cm{  sinh  (Ty0 )  +  Ty0cosh(Ty0)  } 

+  Dm{  cosh (Ty0 )  +  Ty0  sinh (Ty0 )  }  (351) 

The  second  derivative  of  Y (y0 )  with  respect  to  y0  is: 
Y"(y0)  -  AmT2sinh(Ty0)  +  BmT2cosh  (Ty0  ) 

+  Cm{  2T  cosh  (Ty0  )  +  T2yQ  sinh  (Ty0  )  } 

+  Dm{  2T  sinh (Ty0 )  +  T2y0 cosh (Ty0 )  }  (352) 

The  third  derivative  of  Y  (y0 )  with  respect  to  yc  is: 

Y"'(yo)  =  AmT3cosh(Ty0)  +  BmT3sinh  (Ty0  ) 

+  Cm{  3T2sinh (Ty0 )  +  T3y0 cosh (Ty0 )  } 

+  Dm{  3T2cosh (Ty0 )  +  T3y0 sinh (Ty0 )  }  (353) 

Apply  equation  (327)  to  equation  (352).  This 
combination  fixes  Cm  in  terms  of  Bm  such  that  Cm=  -(T/2)Bm 
Next,  couple  equations  (351)  and  (353)  so  that  they  adhere  to 
the  boundary  condition  expressed  in  equation  (328) .  Dm  is 
therefore  related  to  Am  in  the  following  manner: 

Dm=  -Am  {  T3+  Ky0  (n/a0  )2  T  }  /  {  3T2+  Ky0  (n/a0)2  }  (354) 
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Define  the  following  variable: 

H  *  -  {  T3+  Kyo  (n/a0)2  T  }  /  {  3T2+  Kyo(n/a0)2}  (355) 

With  the  variable  H  so  defined,  the  Y  (y0  )  function, 
equation  (123),  can  be  written  in  terms  of  the  constants  Am 
and  Bm  only. 

Y(y0)  =  Am{  sinh  (Ty0  )  +  Hy0  cosh  (Ty0  )  } 

+  Bm{  cosh  (Ty0  )  -  (T/2)  y0sinh(Ty0)  }  (356) 

As  explained  in  the  previous  paragraphs,  it  is  now 
necessary  to  differentiate  this  slimmed  down  expression  three 
times.  The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y'(y0)  =  Amt  (T  +  H)  cosh  (Ty0  )  +  HT  y0sinh(Ty0)} 

+  Bm{  (T/2)  sinh  (Ty0  )  -  (T2/2)  y0cosh(Ty0)}  (357) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(y0)  =  Am{(T2+  2HT)  sinh  (Ty0  )  +  T2H  y0  cosh  (Ty0  )  } 

-  Bm{ (T3/2)  y0 sinh (Ty0 )  }  (358) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  y0 
is: 

Y"'(y0)  =  Am{  (T3+  3T2H)  cosh(Tyo)  +  T3H  y0sinh(Ty0)} 

-Bm{(T3/2)  sinh  (Ty0 )  +  (T4/2)y0 cosh (Ty0 ) }  (359) 

Substitution  of  equations  (357),  (358),  and  (359)  into 

equations  (329)  and  (330),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 


sinh (Tb0 )  {T  +  2TH } 


+  cosh (Tb0)  {T  Hb0} 


sinh(Tb0)  {-T3b0/2} 


sinh (Tb0 )  {T  Hbc 


+  Kyo  (n/a0 )  HTb0 } 


sinh(Tb0)  {-T3/2 


+  Kyo  (n/a0)z  (T/2)  } 


+  cosh (Tb0)  {T3+  3T  H 


+  Kyo  (n/a0 )  (T  +  H)  } 


=  0 


(360) 


+  cosh(Tb0)  {-T  b0/2 

-  Kyo  (n/a0)2  (T2b0/2) } 

Expansion  of  the  determinant  and  multiplication  by  the 
s 


quantity  b0  results  in  the  following  equations  (  the  second  a 
simplification  of  the  first): 


sinh2  (Tb0 )  [  0.5  (Hb0)(Tb0)6-  0.5  (Tb0)5  -  (Hb0)(Tb0)4 

.3 


+  Kyo  (nb0/a0)2  (  0.5  <Tb0)3+  (Hb0)(Tb0)2 


+  0.5  (Hb0 ) (Tbc )  }  ] 


-  cosh2 (Tb„ )  [  0.5  (Hb0)(Tb0)6 


+  Kyo  (nb0/a0)2  {  0.5  (Hb0)(Tb0)4  }  ]  =  0 


(361) 


sinh2  (Tb0 )  [  -  (Tb0)5-  2(Hbc)(Tb0)4 
+  Kyo  (nbQ/a0)2  {  (Tb0)3+  2  (Hb0)  (Tb0  )2  }  ] 

-  (Hb0)  (Tb0)6-  Kyo  (nb0/a0)2  {  (Hb0)(Tb0)4}  =  0  (362) 

No  value  of  (Tb0)  greater  than  zero  can  satisfy  equation 
(362).  Therefore,  no  possible  solutions  exist  for  the 
present  boundary  conditions  for 

{(Kyo/2m2)2  +  KXo  (a0/mb0)2  -  1  }  =  0  and  Ky0  <  0 
Kyo  =  0. 

For  Ky0  =  0  equation  (128)  constitutes  the  required 
shape  of  the  unknown  Y(y0)  function.  In  addition,  equations 
(327)  through  (330)  are  the  sets  of  constraints  for  this 


Y(y0)  function.  Moreover,  notice  that  equations  (328)  and 
(330)  reduce  to  V'^O)  =0  and  V'Mbo)  =  0  respectively 
because  Kyo  =  0  Equations  (327)  and  (328)  imply  that 
Cm=  Dm=  0  After  the  imposition  of  these  two  conditions, 
equation  (128)  reduces  to: 

Y(y0)  -  Am  +  Bmy0  (363) 

Equations  (329)  and  (330)  are  automatically  satisfied 
for  this  Y(y0  )  given  by  equation  (363).  All  boundary 
conditions,  equations  (327)  through  (330),  are  therefore 
upheld  by  this  Y  (y0 )  .  As  a  result,  if  Kyo  ■  0  equation 
(298)  is  a  valid  solution  for  KXq  .  However,  equation  (298) 
does  not  yield  the  minimum  KXo  for  any  combination  of  plate 
aspect  ratio  and  Kyo  =  0  Consequently,  further 

consideration  of  this  subcase  is  dropped. 

KVo  >  0. 

For  Ky<j  >  0  equations  (130)  and  (131)  show  that  the 

unknown  function  Y (y0  )  must  fit  the  relation  given  by 
equation  (132) .  The  first  derivative  of  this  function  with 
respect  to  yQ  is: 

Y'(y0)  =  AmU  cos  (Uy0  )  -  BmU  sin  (Uy0  ) 

+  Cm{  sin (Uy0 )  +  Uy0 cos (Uy0 )  } 

+  Dm{  cos  (Uy0 )  -  Uy0  sin  (Uy0 )  }  (364) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(y0)  =  ~  AmU2 sin  (Uy0  )  -  BmU2cos  (Uy0  ) 

+  Cm{  2U  cos(Uy0)  -  U2y0sin(Uy0)  } 

-  Dm{  2U  sin  (UyG )  +  U2y0cos(Uy0)  }  (365) 


The  third  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"'(y0)  =  -  AmU3cos(Uy0)  +  BmU3sin  (Uy0  ) 

-  Cm{  3U2sin(Uy0)  +  U3y0cos(Uy0)  } 

-  Dm{  3U2cos (Uy0 )  -  U3y0  sin  (Uy0 )  }  (366) 

Apply  equation  (327)  to  equation  (365).  This 

combination  fixes  Cm  in  terms  of  Bm  such  that  Cm  =  (U/2)  B, 
Next/  couple  equations  (364)  and  (366)  so  that  they  adhere  to 
the  boundary  condition  expressed  in  equation  (328) .  Dm  is 
thus  related  to  Am  in  the  following  manner: 

Dm=  Am{  U3-  Kyo  (n/a0)2  U  }  /  {-3U2+  Kyo  (n/a0)2  }  (367) 

Define  the  following  variable: 

G  =  {  U3-  Ky0  (n/aQ  )2  U  }  /  {-3U2+  Kyo(n/a0)2}  (368) 

With  the  variable  G  so  defined,  the  Y(y0)  function, 
equation  (132) ,  can  be  written  in  terms  of  the  constants  A 
and  Bm  only. 

Y(y0)  *  Am{  sin  (Uy„ )  +  G  y0cos(Uy0)  } 

+  Bm{  cos (Uy0 )  +  (U/2)  y0 sin (Uy0 )  }  (369) 

Again,  this  function  must  be  differentiated  three  times. 
The  first  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y'(y0)  -  Am{  (U  +  G)  cos  (Uy0 )  -  UG  y0  sin  (Uy0  )  } 

-  Bm{ (U/2 )  sin (Uy0 )  -  (U2y0/2)  cos(Uy0)  }  (370) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(y0)  =  -  Am{  (u2+  2UG)  sin  (Uy0 )  +  U2G  y0cos(Uy0)  } 

-  Bm{  (U3y0/2)  sin  (Uy0 )  }  (371) 

Finally,  the  third  derivative  of  Y (y0 )  with  respect  to  y, 


s 


Y*  •  •  (y0  >  =  Am{-(u3+  3GU2)  cos  (Uy0  )  +  u3G  y0sin(Uy0)  } 

-  Bm{  (U3/2)  sin  (Uy0 )  +  (U4/2)  y0cos(Uy0)  }  (372) 

Substitution  of  equations  (370),  (371),  and  (372)  into 

equations  (329)  and  (330) ,  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm  ,  the 
following  determinental  equation  must  hold: 


sin(Ub0)  {-U2-  2UG } 
+  cos(Ub0)  {“U2Gb0 } 


sin(Ubo)  {-U3b0/2} 


=  0 


sin(Ub0)  {U3GbQ 


-  Kyo  (n/a0  )2  UGb0  } 


sin(Ubo)  {-U3/2 


-  Kyo  (n/aD  )  U/2 } 


+  cos(Ub0)  {-U3-  3U2G 


+  KVo  (n/a0)2  (U  +  G)} 


+  cos(Ub0)  {-U4bQ/2 


+  KVft  (n/a0)2  {U2b0/2} 


(373) 


Expansion  of  the  determinant  and  multiplication  by  the 
quantity  b3  results  in  the  following  system  of  equations  (the 
second  equation  a  simplification  of  the  first): 


sin2  (UbQ )  {  0.5  (Gb0)  (Ub0)6  +  0.5  (Ub0)5+  (Gb0)(Ub0)4 
+  KVo  (nbG/a0)2  [  0.5  (Ub0)3  +  (Gb0)(Ub0)2 

-  0.5  (Gb0)  (Ub0)4  ]  } 

+  cos2  (Ub0 )  {  0.5  (Gb0 )  (Ub0  )6 

-  Kyo  (nb0/a0)2  [  0.5  (Gb0)(Ub0)4]  }  »  0  (374) 


sin 2 (Ub0 )  {  (Ub0)5+  2(Gb0)(Ub0)4 
+  KVo  (nb0/a0)2  (  (Ub0)3+  2(Gb0)  (0bo)2  ]  } 

+  (Gb0  )  (UbG  )6  -  Ky<>  (nb0/a0)2  [  (Gb0  )  (Ub0  )4  I  * 
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0 


(375) 


No  value  of  (Ub0)  greater  than  zero  can  satisfy  equation 
(375).  Therefore,  no  possible  solutions  exist  for  the 
present  boundary  conditions  for 

{(Kyo/2m2)2  +  KXq  (a0/rob0)2  -  1  }  *  0  and  Kyo  >  0 

{(Kyo/2m2)2  +  KXo  (a0/mb0)2  -  1  }  >  0 

For  the  quantity  {(Kyo/2m2)2  +  Kx<>  (a0/mb0)2  -  1  }  >  0 

equation  (81)  reduces  to  equations  (137)  and  (138).  Each  of 
these  two  equations  determines  two  roots  for  the  unknown 
Y(y0)  function.  Peak  interest  centers  on  the  positive  or 
negative  characters  of  those  quantities  contained  in  the 
curly  brackets  of  equations  (137)  and  (138),  for  these 

aspects  imply  not  only  different  solution  forms  but  different 
domains  of  Kv  for  valid  solutions.  Three  subcases  must  be 
considered  so  that  a  solution  for  KXq  may  be  determined  for 
any  range  of  Kyo . 

Kyo  Range s  Sssim  a  Relatively.  Latse.  Pfl.gi.tive  Number  ia 
Posit ive  Infinity* 

If  the  quantity  contained  in  the  curly  brackets  of 

equation  (137)  is  constrained  to  remain  less  than  zero,  Ky 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  Similarly,  if  the  quantity 
likewise  bracketed  in  equation  (138)  cannot  be  positive,  Ky 
can  validly  range  from  a  relatively  large  positive  number  to 
positive  infinity.  The  intersection  of  these  two  domains  is 
then  merely  the  last  quoted  domain.  In  equation  form,  the 
search  for  a  solution  is  limited  by  the  two  inequalities 


expressed  in  equations  (139)  and  (140).  Furthermore, 
equations  (141)  through  (143)  explicitly  demonstrate  that 
Y(y© )  must  take  the  form  shown  in  equation  (144).  Note  also 
that  equations  (145)  and  (146)  define  the  variables  in 
equation  (144). 

The  first  derivative  with  repect  to  y0  of  this  function 
Y  (y0 )  of  equation  (144)  is; 

Y'(y0)  =  AmamCOS(amy0)  -  Bmam  sin  (am y0  ) 

+  Cmvm  cos  (vmy0  )  -  DmYmsin(Ymy0)  (376) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is; 

Y"(y0)  -  -  Ama£sin(amy0)  -  Bmc£cos(amy  ) 

-  CmY^sin(Ymy0)  -  DmY£cos(Ymy0)  (377) 

The  third  derivative  of  Y(y0)  with  respect  to  yQ  is; 

Y'"(y0)  *  -  Ama^cos(amy0)  +  Bmajsin(amy0 ) 

-  CmY,Jcos(Ymyo)  +  DmYmCOS(Ymy0  )  (378) 

Apply  equation  (327)  to  equation  (377).  This 

combination  fixes  Dm  in  terms  of  Bm  such  that  Dm=*  —  ( °m/ Ym )  B, 
Next,  couple  equations  (376)  and  (378)  so  that  they  mirror 
the  boundary  condition  expressed  in  equation  (328) .  Cm  is 
thus  related  to  Am  in  the  following  manner: 

Cm=  Am{  oj  -  Kyo  (n/a0)2  am  }  /  {-y®  +  Kyo  (n/a0 )2 Ym  }  (379) 

Define  the  following  variable: 

L  *  {  o2  -  Kyo  (n/a0)2  am}  /  {-Ym  +  Ky<)  (n/a0)2  Ym  }  (380) 

With  the  variable  L  so  defined,  the  Y (yQ  )  function, 
equation  (144) ,  can  be  written  in  terms  of  the  constants  A 
and  Bm  only. 


(381) 


*(y0)  ■  Am{  sin(amy0)  +  L  sin(vmy0)  } 

+  Bm{  cos  (amy0  )  -  (am/Ym)2  cos(Ymy0)  } 

For  reasons  detailed  in  prior  work,  equation  (381)  must 
be  differentiated  three  times.  The  first  derivative  of  Y  (y0  ) 
with  respect  to  y0  is: 

Y'(y  )  ■  Am{am  cos(amy0  )  +  L  Ym  cos  (Vm y0  )  } 

“  Bm{am  sin  (amy0 )  -  (a^/Ym)  sin(Ymy0)  }  (382) 

The  second  derivative  of  Y (y0 )  with  respect  to  yQ  is:  - 

Y"(y0)  -  -  Am{a2  sin(amy0)  +  Ly*  sin(Ymy0)  } 

-  Bm{a*  cos(amy0)  -  a m  cos(Ymy0)  }  (383) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  yQ  -  ; 

is: 

Y'"(y0)  =  -  Am{aJ,  cos(amy0)  +  Ly„  cos(Ymy0)  } 

+  Bm{a*  sin  (amy0 )  -a*Ym  sin  (Ym  yG )  }  (384)  — - 

T  .  -1 

Substitution  of  equations  (382),  (383),  and  (384)  into 

equations  (329)  and  (330),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 

sin  (amb0 )  {-4)  cos  (amb0  )  {-a*} 

2  2  1 
+  sin ( Ymb0  )  {-LYm}  +  cos(Ymb0)  {am} 

- - -  -  -  =  0 

cos (amb0  )  (-S  Sin(amb0)  {a* 

+■  Kyo  (n/a0 )  am  }  —  Kyo  (n/a0 )  am  } 

+  cos  (Ymb0 )  {-LyJ  +  sin(Ymb0)  {-amvm 

+  Kyo  (n/a0)2LYm}  +  Ky0  (n/a0)2  (385) 

-  .  — - 

Expansion  of  the  determinant,  division  by  the  common 
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multiple  am,  and  multiplication  by  the  quantity  Ymb0  gives: 
sin(amb0)  sin(vmb0)  [  (amb0  )3  (vmb0)2  -  L  (amb0)2  (Ymb0 )3 
+  KVo  (nbo/a0)2  {  L  (Ymb0)3-  (<»mb0)3}  ] 

+  cos(amb0)  cos  (Ymb0 )  [  (amb0)  (Ymb0 )  -  L  (ambQ)  (Ymb0  )4 
+  Kyo  (nb0/a0)2  {  L  (amb0)  (Ymb0)2  -  (amb0)2  (Ymb0)  }  ] 

”  (am^o)  "*■  L  (ambo)  (vmb0) 

+  KVo  (nb0/a0)2{  (am b0  ) 2  (Ym b0 )  -  L  (amb0 )  (vmb0  )2  }  =  0  (386) 

Attempts  at  solution  of  equation  (386)  for  any 
combination  of  a0/b0  and  KVo  do  not  yield  the  smallest  values 
of  KXq .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  are  dropped. 


kVo  Ranges  from  a 
lively-  Large  Positi 


Large  Ne.ga.tiye  Number  Ssl  a 


Number.. 


If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  remain  less  than  zero,  K 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  positive  infinity.  On  the  other  hand,  if  the 
quantity  bracketed  in  equation  (138)  must  be  positive,  Ky 
can  validly  range  from  a  relatively  large  positive  number  to 
negative  infinity.  The  intersection  of  these  two  domains 
dictates  that  Kyo  range  from  a  relatively  large  negative 
number  to  a  relatively  large  positive  value.  In  equation 
form,  the  search  for  a  solution  is  limited  by  the  three 
inequalities  expressed  in  equations  (156),  (157),  and  (158). 
Furthermore,  equations  (159),  (160),  and  (161)  reveal  that 

Y (y0 )  must  take  the  form  shown  in  equation  (162). 

The  first  derivative  with  respect  to  y0  of  this  function 


Y (y0 )  in  equation  (162)  is: 

y'(y0)  -  AmamCOS(amy0)  -  Bmam  sin  (amy0  ) 

+  CmPmcosh  (pmy0  )  +  Dmpmsinh(pmy0  )  (387) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(yo)  =  -  AmaJ,sin(amy0  )  -  Bma2COS  (amy0  ) 

+  Cmp2sinh(Pmy0)  +  DmP^cosh(pmy0)  (388) 

The  third  derivative  of  Y (y0 )  with  respect  to  y0  is: 

Y'"(y0)  -  -  AmaJcos(amy0)  +  Bma2sin  (amy0  ) 

+  CmPmCOsh  (Pmy0  )  +  DmPmSinh(pmy0  )  (389) 

Apply  equation  (327)  to  equation  (388)  .  This 

2 

combination  fixes  Dm  in  terms  of  Bm  such  that  Dm=  (am/Pm) 

Next ,  couple  equations  (387)  and  (389)  so  that  they  conform 
to  the  boundary  condition  expressed  in  equation  (328) .  Cm  is 
thus  related  to  Am  in  the  following  manner: 

Cm=  Am(«m  -  KVo  (n/aQ)2  am  }  /  {  Pm  +  Ky0  (n/aG)2  Pm  )  (390) 

Define  the  following  variable: 

J  =  {  <»m  -  Ky0  (n/ao)2  am  }  /  (  +  Ky0  (n/a°  )  Pm  }  (391) 

With  the  variable  J  so  defined,  the  Y  (y0  )  function, 
equation  (162),  can  be  written  in  terms  of  the  constants  Am 
and  Bm  only. 

Y(y0)  *  Am{  sin(amy0)  +  J  sinh(Pmy0)  } 

+  Bm{  cos(amy0)  +  (am/pm)2  cosh(pmy0)  >  (392) 

As  before,  equation  (392)  must  be  differentiated  three 
times.  The  first  derivative  of  Y (y0 )  with  respect  to  y0  is: 
Y'(Yo)  *  Am{  am  cos  (amy0  )  +  J  PmCOSh(Pmy0)  } 

-  Bm{  afflsin(omy0)  -  (Om/Pm)  sinh(PmYo)  }  (393) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 


(394) 


Y”(y0)  =  -  Am{  a2  sin  (amy0 )  -  J  PmSinh  (pmy0  )  } 

-  Bm{  a2cos(amy0)  -  a2  cosh(pmy0)  } 

Finally,  the  third  derivative  of  Y (y0 )  with  respect  to  y0 
is: 

Y'"(yo)  =  -  Am{  cos(amy0)  -  J  pmCOSh(pmy0)  } 

+  Bm{  a2  sin  (amyQ  )  +  4l>m  sinh(pmyQ)  }  (395) 

Substitution  of  equations  (393),  (394),  and  (395)  into 

equations  (329)  and  (330),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  deterrainental  equation  must  hold: 


sin(ambQ)  {-a2} 

+  sinh  (PmbQ )  {JP2} 


COS(amb0)  {-am 

+  Kyo  (n/a0 )  Qm  } 

+  cosh  (Pmb0  )  { J  Pm 
+  Kv  (n/a0)2  JPml 


COS  (amb0  )  {-am} 

+  COSh(Pmbo)  {“ml 


sin (amb0 )  {a 


—  Kyo  (n/a0 )  °m } 

+  sinh  (Pmt>0  )  {amPm 
+  Kyo  (n/a0)2  Om/ Pm } 


(396) 


Expansion  of  the  determinant,  division  by  the  common 
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am  ,  and  multiplication  by  the  quantity  b0  gives: 


multiple 


sin(amb0)  sinh(pmb0)  {-(amb0)3  (Pmb0)2  +  J(amb0)2  (Pmbo)3 

-  Kyo  (nbo/a0)2  [  {amb0)3+  J(Pmb0)3  ]  } 

+  cos  (amb0 )  cosh  (Pmb0 )  {  (amt>0)4  (Pmbo)  +  j  (»mb0)  (Pmb0  )4 
+  Ky0  (nb0/a0 )  [  J  (amb0 )  (3mb0)  “  (am^o)  (3mbo)  ]  } 

~  (ambo)  (3mb0)  ~  J(<>rnbo)  (Pm^o  ) 

+  Kyo  (nb0/a0)2  [  (ambo)2  (Pmb0 ) 

-  J(amb0)  (PmbQ)2  ]  }  =  0  (397) 

Equation  (397)  represents  the  governing  equation  for  the 

combination  of  any  plate  aspect  ratio  and  KVo  less  than  zero. 

In  other  words,  the  roots  of  equation  (397)  yield  the 
smallest  values  of  K„o  for  any  a0  /b0  and  tensile  KVo  . 
Consideration  of  results  generated  by  equation  (397)  is 
postponed  until  the  last  of  the  three  subcases  is  presented. 

KVo  Ranges  Llqjp  a  Relatively  Large  Negative  Number  In 
Negatl.ye  Infinity. 

If  the  quantity  contained  in  the  curly  brackets  of 
equation  (137)  is  constrained  to  be  greater  than  zero,  Kyo 
can  take  on  any  value  from  a  comparatively  large  negative 
number  to  negative  infinity.  Furthermore,  this  stipulation 
of  positivism  in  equation  (137)  ensures  that  the  bracketed 
quantity  in  equation  (138)  will  be  similarly  greater  than 
zero.  In  equation  form,  the  search  for  a  solution  is  limited 
by  the  two  inequalities  expressed  in  equations  (170)  and 
(171).  Moreover,  equations  (172),  (173),  and  (174) 

sequentially  illustrate  that  Y(y0)  must  take  the  form  shown 
in  equation  (175).  Note  also  that  equations  (163)  and  (176) 
define  the  variables  in  equation  (175). 
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The  first  derivative  with  respect  to  y0  of  this  function 


Y(y0 )  in  equation  (175)  is: 

Y'(y0)  =  Amemcosh(emy0  )  +  Bmem  sinh  (omy0  ) 

+  CmPm  cosh  (Pmy0  )  +  Dmpm sinh  (Pmy0  )  (398) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 

Y"(y0)  =  Am6m  sinh  (emy0  )  +  Bm02cosh  (emy0  ) 

+  CmP2sinh(pmy0)  +  DmP2  cosh  (pmy0 )  (399) 

The  third  derivative  of  Y (y0 )  with  respect  to  y0  is: 

Y'"(Yo)  -  Am0mcosh  (emy0  )  +  Bme^sinh(emy0  ) 

+  CmPmCOsh(pmy0  )  +  Dmp2sinh(pmy0  )  (400) 

Apply  equation  (327)  to  equation  (399).  this 

2 

combination  fixes  Dm  in  terms  of  Bm  such  that  Dm=  ~(0m/Pm)  Bm 
Next,  couple  equations  (398)  and  (400)  in  such  a  fashion  so 
that  they  adhere  to  the  boundary  condition  expressed  in 
equation  (328).  Cm  is  thus  related  to  Am  in  the  following 
manner : 

Cm=  -Am{  0*  +  Kyo  (n/aQ)2  8m  1  /  (Pm  +  KYo  (n/a0)2  Pm}  (401) 

Define  the  following  variable: 

W  =  -{  0m  +  Kyo  (n/a0)2  0m  }  /  {  Pm  +  Kyo  (n/a0 )2  Pm  }  (402) 

With  the  variable  W  so  defined,  the  Y  (y0  )  function, 
equation  (175)  ,  can  be  written  in  **erms  of  the  constants  Am 
and  Bm  only. 

Y  (y0 )  =  Am{  sinh(0myo)  +  W  sinh(Pmy0)  } 

+  Bm{  cosh {0myo )  -  [Pm/Pm]2cosh(pmy0)  }  (403) 

Three  derivatives  must  again  be  taken  of  this  Y(y0  ) 
function.  The  first  derivative  of  Y(y0)  with  respect  to  y0 
is: 
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Y'(y0)  »  Am{  emcosh(emy0)  +  w  Pmcosh(pmy0)  } 

t  Bm{  em  sinh(emy0)  -  [e2/Pm]  sinh(Pmy0)  }  (404) 

The  second  derivative  of  Y(y0)  with  respect  to  y0  is: 
Y"(y0)  =  Am{  e*sinh(emy0)  +  w  p2  sinh  (pmy0  )  } 

+  Bm{  ejcoshle^yo)  -  e£  cosh(pmy0)  }  (405) 

Finally,  the  third  derivative  of  Y(y0)  with  respect  to  yG 
is: 

Y'^fyo)  -  Am{  eO,  cosh(emy0  )  +  WP®  cosh(pmy0 )  } 

+  Bm{  e*  sinh(emy0 )  -  e*pm  sinh(pmy0)  }  (406) 

Substitution  of  equations  (404),  (405),  and  (406)  into 
equations  (329)  and  (330),  along  with  basic  algebraic 
manipulation,  yields  two  homogeneous  linear  equations  in 
coefficients  Am  and  Bm .  For  non-trivial  Am  and  Bm ,  the 
following  determinental  equation  must  hold: 

sinh  (emb0 )  {e*}  cosh(emb0)  {e2} 

+  sinh (Pmb0 )  {wp2}  +  cosh(Pmb0 ) 

— — —  — —  -  -  s  0 

cosh  (emb0 )  {e*  sinh(emb0)  {e„ 

+  k¥o  (n/a0  )2  em}  +  kYo  (n/a0)2em} 

+  cosh  (Pmb0)  (W  pm  ~  sinh  (pmb0  )  {  9m Pm 

+  Ky0  (°/a0  )2  W  pm  }  +  Kyo(n/a0)2  e£/pm}  (407) 

Expansion  of  the  determinant,  division  by  the  common 
multiple  e_,  and  multiplication  by  the  quantity  P-b*  gives: 


3u3 


V 


sinh(emb0)  sinh(®mb0)  {- (emb0)3  (amb0)2  +  W(emb0)  <emb0) 
+  Kyo  (nb*/a0)2  l  W(ftmb0)3-  («„,b0)3]  } 

+  cosh (emb0 )  cosh(Bmb0)  {-K (emb0  )  (Pmb0)4  +  (emb0)4  (Pmb0) 

+  Ky0  (nb0/a0)  t  (®mbo)  (pmb0)  —  W(9mb0)  (®mb0)  ]  } 

+  ("  (®m^o  I  (®mbo)  "*■  w  (®mb0  )  (emb0  ) 


+  KVo  (nb0/a0)2  [  w(8mb0)  (Bmb0)2 
-  (®mb0)2  (Pmbo)  ]  }  -  0 


(408) 


Attempts  at  solution  of  equation  (408)  for  any 
combination  of  a0/b0  and  KyQ  do  not  yield  the  smallest  values 
of  KXq .  As  a  result,  further  considerations  of  this  equation 
and  this  subcase  as  a  whole  are  dropped. 


Discussion  &£  Results 

Table  XVII  gives  selected  a0/b0  ,  Kyo  ,  and  K„o  ordered 
triplets  as  determined  by  equation  (350).  Note  that  the 
results  generated  by  equation  (350)  are  given — and  indeed  are 
only  valid — for  positive,  or  compressive,  and  zero  Ky<)  . 
These  numbers  and  plots  based  upon  this  data  reveal  three 
very  important  aspects  of  the  buckling  characteristics  of  a 
laminate  supported  by  this  relatively  weak  set  of  boundary 


conditions.  First,  all  values  of  minimum  K, 


for  any 


combination  of  a0/b0  and  compressive  or  zero  KYo  are  achieved 


when  m 


is  utilized  in  the  terms  which  compose 


equation  (350).  More  broadly,  K„o  plotted  versus  a0/b0  for 
any  constant  Kyo  greater  than  or  equal  to  zero  results  in 
j ust  one  continuous  curve.  There  exist  no  transition  points 
to  another  curve. 
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Second,  for  Ky0  ■  0  data  points  for  a  K„o  versus  a0/b0 
sketch  lie  oust  and  virtually  indistinguishably  below  the 
boundary  curve  {(KYo/2m2)2  +  K*0  (a0/mb0)2  -  1  }  ■  0  Since 
in  »  1  in  all  cases  for  this  uniaxial  buckling  (  KVo  ®  0) , 
this  boundary  value  of  x0 -buckling  coefficient  is  given  by 
equation  (298).  Moreover,  as  just  stated  the  boundary  value 
quoted  in  equation  (298)  is  a  virtually  exact  approximation 
for  KXo  for  the  null  value  of  y0 -buckling  coefficient. 

Third,  curves  of  KXq  versus  a 0  /b0  for  constant 
compressive  KVo  lie  well  below  the  zero  ordinate  for  small 
and  intermediate  affine  aspect  ratios.  However,  these  curves 
continuously  trend  upward  as  a0  /b0  increases.  For  any 
constant  KVo  ,  the  KXo  versus  a0  /b0  plot  asymptotically 
approaches  a  value  of  approximately  -1.2  Ryo  .  For  example, 
the  following  data  reflects  x0  -buckling  coefficients  (and 
corresponding  yQ -buckling  coefficients)  for  an  affine  aspect 
ratio  of  100.0  : 


a0/b0 

KVo 

Kx 

*0 

100.0 

0.5 

-0.6078 

100.0 

1.0 

-1.2158 

100.0 

1.5 

-1.8238 

100.0 

2.0 

-2.4318 

100.0 

2.5 

-3.0398 

100.0 

3.0 

-3.6479 

Table  XVIII  gives  selected  a0/b0  ,  KVo  ,  and  KXo  ordered 


triplets  as  determined  by  equation  (397).  Note  that  the 
results  generated  by  equation  (397)  are  given  and  are  only 
valid  for  negative  KVo  .  Also  included  is  the  integer  value 
value  of  m  which  produces  this  minimum  KXo  .  Furthermore, 
each  entry  point  which  corresponds  to  a  transition  point  from 
the  m  curve  to  the  (m  +1)  curve  is  superscripted  with  a  star 
(*).  Especially  be  aware  that  discontinuous  curves  as 
opposed  to  the  continuous  curves  discussed  above  highlight  K„o 
versus  a0/b0  plots  for  tensile  Ky<)  .  The  statistics  presented 
in  Table  XVIII  expose  two  key  characteristics  of  laminates 
under  tension  in  the  y0  -direction.  First,  the  transition 
values  of  a0/b0  increase  as  KVo  becomes  algebraically  larger 
(or  less  tensile).  For  this  weak  set  of  boundary  conditions, 
however,  transitions  occur  after  longer  intervals  of  aspect 
ratio  than  for  those  stronger  groups  discussed  in  prior 
sections. 

Second,  irrespective  of  the  negative  magnitude  of  KVo ,  KXq 
attains  a  limiting  value  of  zero  as  a 0  /b0  approaches 

infinity.  For  this  set  of  boundary  conditions,  the  rate  of 
approach  toward  this  zero  asymptote  is  decidedly  slow.  For 
example,  for  Kyo  -  -3.0  ,  KXq  »  0.0382  at  a0 /bG  «  100.0 

and  K„o  *  0.0348  at  a0  /b0  =  110.0  Note  that  this 
asymptotic  value  of  zero  differs  from  those  asymptotes 
presented  for  compressive  KVo  . 

Figure  32  represents  a  plot  of  KXq  versus  a0/b0  for 
twelve  distinct  values  of  Kyo  .  The  lowest  curve 
characterizes  Ky<)-  3.0  ;  whereas,  the  highest  depicts 
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Kyo ■  -5.0  In  ascending  order  the  magnitudes  of  the 
y0  -buckling,  coefficients  which  correspond  to  the  remaining 
ten  curves  are;  2.5,  2,0,  1.5,  1.0,  0.5,  0.0,  -1.0,  -2.0, 
-3.0,  and  -4.0  This  graph  reinforces  the  concepts  that  KXq 
for  a  compressive  or  zero  KVo  is  determined  by  one  continuous 
curve  and  that  KX(j  for  a  tensile  Kyo  is  rendered  by  the 
lowest  values  of  an  infinite  number  of  intersecting  curves. 

In  addition,  the  merging  of  the  family  of  curves  to  the  zero 
asymptote  for  tensile  or  zero  KVo  and  to  distinct,  relatively 
evenly  spaced  asymptotes  for  compressive  Kyo  is  readily 
apparent. 

Figure  33  plots  in  three  dimensions  the  same  information 
as  Figure  32.  Qualitatively,  this  sketch  expresses  the 
nature  of  the  buckling  surface  better  than  does  Figure  32; 
however,  the  quantitative  aspect  is  not  as  appealing. 
Computer-generated  plots  are  skewed  by  the  angle  at  which  the 
"artist"  draws  the  sketch.  Consequently,  extraction  of 
accurate  data  from  the  three-dimensional  plot  is  virtually 
impossible. 

Table  XIX  gives  selected  coordinates  of  Ky<>  and  KXq  for 
three  distinct  values  of  a0/b0  — 1.2,  2.6,  and  5.4  Figures 
34,  35,  and  36  represent  two-dimensional  plots  at  these 

constant  a0/b0  slices  of  1.2,  2.6,  and  5.4,  respectively. 
Because  the  data  for  each  of  the  curves  are  derived  for  two 
completely  different  equations  (  (350)  for  KVo  positive  or 
zero;  (397)  for  KVo  negative),  a  mild  variance  of  slope  in 
the  vicinity  of  Ky<) »  0.0  is  observed  for  a0/b0  ■  1.2  and 


slightly  larger  variances  for  a0/b0  ■  2.6  and  a0/b0  ■  5.4 
These  break»  are  certainly  less  severe  than  those  observed  in 
corresponding  plots  for  a  laminate  simply  supported  on 
opposite  sides  and  clamped  and  free  on  the  remaining  edges. 
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TABLE  XVII 


Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0-Direction  and  Free 


m 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 


(for  K 


!yo  greater  than  or  equal 

to  zero) 

«o/b0 

KVo 

K*o 

0.6000 

1.5 

-3.4959 

1.0000 

1.5 

-2.0476 

1.4000 

1.5 

-1.8872 

2.0000 

1.5 

-1.8424 

2.8000 

1.5 

-1.8304 

3.6000 

1.5 

-1.8271 

4.6000 

1.5 

-1.8255 

5.4000 

1.5 

-1.8250 

0.8000 

2.0 

-4.9033 

1.2000 

2.0 

-3.2291 

1.6000 

2.0 

-2.8233 

2.0000 

2.0 

-2.6662 

2.8000 

2.0 

-2.5444 

3.6000 

2.0 

-2.4982 

4.6000 

2.0 

-2.4718 

5.4000 

2.0 

-2.4606 

1.0000 

2.5 

-5.8317 

1.4000 

2.5 

-4.2198 

1.8 000 

2.5 

-3.6956 

2.2000 

2.5 

-3.4598 

2.6000 

2.5 

-3.3329 

3.2000 

2.5 

-3.2290 

4.4000 

2.5 

-3.1378 

5.4000 

2.5 

-3.1043 

TABLE  XVIII 

Buckling  Coefficients  Versus  Plate  Aspect  Ratio  for  a 
Laminate  Simply  Supported  in  the  x0-Direction  and  Free 

in  the  y0 -Direction 
(for  Ky0  less  than  zero) 


m 

a0/b0 

KV0 

Kx 

*o 

1 

0.6000 

-5.0 

8.0156 

1 

0.8613* 

-5.0 

6.7408 

2 

1.2000 

-5.0 

4.1690 

2 

1.6000 

-5.0 

2.9906 

2 

2.0000 

-5.0 

2.4529 

2 

2.4728* 

-5.0 

2.1260 

3 

3.0000 

-5.0 

1.6601 

3 

3.6000 

-5.0 

1.3588 

3 

4.2000 

-5.0 

1.1773 

3 

4.8897* 

-5.0 

1.0456 

4 

5.2000 

-5.0 

0.9685 

4 

5.4000 

-5.0 

0.9257 

1 

0.6000 

-3.0 

5.9832 

1 

1.0865* 

-3.0 

4.2352 

2 

1.4000 

-3.0 

2.9061 

2 

1.8000 

-3.0 

2.1146 

2 

2.2000 

-3.0 

1.7155 

2 

2.8000 

-3.0 

1.4072 

2 

3.1623* 

-3.0 

1.3000 

3 

3.8000 

-3.0 

1.0248 

3 

4.6000 

-3.0 

0.8280 

3 

5.4000 

-3.0 

0.7120 

1 

0.6000 

-1.0 

3.9026 

1 

1.0000 

-1.0 

2.1707 

1 

1.4000 

-1.0 

1.7004 

1 

1.8258* 

-1.0 

1.5000 

2 

2.2000 

-1.0 

1.1276 

2 

2.6000 

-1.0 

0.8936 

2 

3.2000 

-1.0 

0.6932 

2 

3.8000 

-1.0 

0.5800 

2 

4.6000 

-1.0 

0.4923 

2 

5.4000 

-1.0 

0.4407 
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TABLE  XIX 


Versus 

Simply 


Ky0  for  Various  Plate  Aspect  Ratios  for  a  Laminate 
Supported  in  the  x0-Direction  and  Free  in  the 
y0 -Direction 


a0/b0 

KVo 

Rxo 

1.2000 

-5.0 

4.1690 

1.2000 

-3.0 

3.6323 

1.2000 

-2.0 

3.0104 

1.2000 

-1.0 

1.8768 

1.2000 

0.0 

0.6932 

1.2000 

0.5 

0.0039 

1.2000 

1.0 

-0.8656 

1.2000 

1.5 

-1.9356 

1.2000 

2.0 

-3.2291 

1.2000 

2.5 

-4.7697 

2.6000 

-5.0 

1.9872 

2.6000 

-3.0 

1.4866 

2.6000 

-1.0 

0.8936 

2.6000 

0.0 

0.1467 

2.6000 

0.5 

-0.4770 

2.6000 

1.0 

-1.1367 

2.6000 

1.5 

-1.8320 

2.6000 

2.0 

-2.5637 

2.6000 

2.5 

-3.3329 

5.4000 

-5.0 

0.9257 

5.4000 

-3.0 

0.7120 

5.4000 

-1.0 

0.4407 

5.4000 

0.0 

0.0331 

5.4000 

0.5 

-0.5776 

5.4000 

1.0 

-1.1973 

5.4000 

1.5 

-1.8250 

5.4000 

2.0 

-2.4606 

5.4000 

2.5 

-3.1043 

RATIO  OF  1.2  FOR  AN  S-F-S-F  LfWINATE 


FIGURE  35 

XO-BUCKLING  COEFFICIENT  VERSUS  TO-BUCKLING  COEFFICIENT  RT  fl  CQN5TRNT  RFFINE  RSPECT 

RRTIO  OF  2.6  FOR  RN  S-F-S-F  lRMINRTE 


FIGURE  36 

XO-BUCKUNG  COEFFICIENT  VERSUS  YO-BUCKLlNG  COEFFICIENT  RT  R  CONSTANT  RFFINE  ASPECT 

RATIO  OF  5.4  FOR  AN  S-F-S-F  LAMINATE 


The  plate  buckling  problem  for  a  specially  orthotropic, 
symmetric  composite  laminate  depends  rather  weakly  on  the 
starred  bending  stiffness  ratio  D* .  This  ratio  of  course 
lies  within  the  range  zero  to  one,  and  in  fact  proves  to  be 
quite  invariant  of  the  actual  magnitude  within  these  limits. 
As  a  result,  the  selection  of  the  null  value  of  D*  both 
facilitates  the  solution  process  and  returns  excellent 
approximations  of  plate  buckling  behavior. 

The  seven  sets  of  edge  constraints  examined  blanket  a 
wide  range  of  support  condition  combinations.  Any 
configuration  for  which  at  least  one  set  of  opposite  edges  is 
simply  supported  has  been  rigorously  examined.  Moreover,  the 
clamped  on  all  sides  case  (probably  the  most  important)  is 
similarly  and  rather  thoroughly  presented.  It  is  hoped  that 
this  group  of  boundary  conditions  constitutes  a  set  large 
enough  so  that  they  may  be  meaningfully  employed  in  a  design 
process. 

Finally,  the  fact  that  buckling  coefficients  and  aspect 
ratio  are  expressed  in  affine  space  allows  sweeping 
generality.  The  buckling  surfaces  for  each  of  the  seven  sets 
of  boundary  conditions  can  be  utilized  for  any  composite 
material.  The  coordinates  need  be  scaled  only  by  the  first 
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